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Abstract: NKI (The National Knowledge Infrastructure) is a large-scale knowledge base, which uses frames to
represent concepts in ontologies, and uses Horn logic programs as the automated reasoning. The formalizations of
ontologies, frames and logical theories in NKI, and the transformations between the formalizations are given, and
proved to be functors between ontologies, frames and logical theories if they are taken as categories in the theory of
category. The result proved in this paper guarantees that in NKI, the inference based on the Horn logic programs is
correct with respect to the knowledge base represented by ontologies and frames.
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1 Introduction

There are several methods for representing knowledge which have the same expressiveness: classically the first

112 framest, description logics!, and conceptual graphs’®!. Every representation has its own

order theories
presuppositions. When transforming one representation into another to prove that two representations have the same
expressiveness, we find that it is necessary to articulate these presuppositions. Usually we prove that if a
representation can be faithfully and fully transformed into the first order theories; and if every first order theory can
be represented faithfully and fully in the representation, then the representation has the same expressiveness as the
first order logic. Another reason to transform a representation into first order theories is given by Horty!®, when he
considered the defeasible inheritance networks and the non-monotonity of defeasible inheritance reasoning. Horty!®
proposed that the defeasible inheritance networks
...were supplied only with a ‘procedural’ semantics, according to which the meaning of the
representations was supposed to be specified implicitly by the inference algorithms operating on
them. It was soon realized, however, that these algorithms could lead to bizarre and unintuitive
results in complicated cases, and researchers felt the need to provide an implementation-independent
according of the meaning of these network formalisms. One natural idea involved providing a
logical interpretation of the networks--interpreting the individual links in the network as logical
formulas, and so the entire network as a collection of formulas, whose meaning could then be
specified by the appropriate logic...

Ontologies are used in knowledge engineering to share knowledge among different knowledge bases. Hence,
ontologies should be neutral to the representation of knowledge. But ontologies should be represented in some
formal or informal languages, and languages in any form are not sharable. Therefore, there is a trade-off between
the neutrality and the usage of languages.

We assume that (1) ontologies consist of propositions; (2) propositions are not sentences, but are what
sentences express: different sentences in different languages (or possibly the same language) can express the same
proposition; (3) propositions can be equivalent without being identical. Propositions and ontologies are objects we
can talk about, and the content of an ontology consists of the propositions involving concepts in the ontology that
are entailed by the constituent propositions of the ontology; and ontologies are comparable in terms of their
contents.

NKI"# (The National Knowledge Infrastructure) is a large-scale knowledge base, which uses frames to
represent concepts in ontologies, and uses Horn logic programs as the automated reasoning. Hence, NKI includes
three classes of “concepts”: the first one is the class of concepts in ontologies, the second one is the class of frames
which are used to represent concepts in an ontology; and the last one is the class of logical theories which have the
equivalent meanings as the concepts and the frames. We formally articulate the presuppositions we make about the
frames and ontologies, and show under the presuppositions, the equivalences between three classes to ensure that
any query to NKI is given a correct answer.

First we represent an ontology O as a set F of frames; and then represent the set F of frames as a set T of logical
theories. We define the transformations o: O - F and 7 : F — T such that o, r are congruences, that is, they preserves
the partial orders and basic defined operations in O, F and T. If O, F and T are taken as the categories in the category
theory, then o and 7 are the functors between the categories.

The paper is organized as follows: the next section gives the formal definitions of ontologies, concepts, frames
and logical theories, and the comparisons between concepts, frames and logical theories; the third section defines

the transformations from an ontology to frames and from frames to logical theories, and proves that the
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transformations are faithful and structural-property-preserving; the fourth section takes the block world as an
example to show how to build an ontology, define frames and transform frames into logical theories in knowledge

engineering; the last section concludes the paper.

2 The Concepts, Frames and Logical Theories

2.1 Theontology

An ontology Ois a quadruple (O, 4, R,C ), where
® (O is a set of concepts. We assume that O=U C and UNC=, where U is a set of individuals, and C is a
class of concepts;
® /4 is a set of attributes. For every a4, there is a domain D, such that a is taken as a function from U to
D,. We use a(x)=v to denote that individual x has value v at attribute a;
® R is a set of relations. Without loss of generality, we assume that every relation is binary on U, that is,
for every reR, rcUxU, and
dom(r)={xe U |3 p((xy)en};
range(r)={yeU| I x((x.y)er)};
® L[ isa binary relation on O, called the subsumption relation or is a relation. We assume that (1) Cisa
partial order on O; (2) for any x, yeU, x Z y; and (3) for any a, f C, if aC S then for any xeU, xC «
implies xC f3,
and O satisfies the following condition:
(2.1) For any a, peC, if a=p then there are x, ye U and an attribute a€4 or a relation 7€ R such that either a(x)
e {a(x)| x'C a}, a(x)e' { a(x)| x'C B}; orxe' dom*(r) range®(r), xe'" dom”?(r) range”(r),
where i =0, 1; €’=¢, e'=€, and
dom®(r) = {x'C a [T y'((x', y)eN},
range * (r) = {y' C o | 3x'((¥', y)en)}.

To simplify the notation, we use x: « to denote that xC ¢ if xe U and ae C. We assume the Leibniz law, that is,
for any x, ye U, x # y if and only if there is an attribute a€4 or a relation r€R such that a(x) #a(y); or for some z, (x,
z)er and (y,z)¢r; or for some z, (x,z)¢r and (y,z)er.

We can define the operations M, on O, where O is taken as a partial ordered structure.

Definition 2.1. Given two a, €0, the greatest lower bound of « and g, denoted by a1 f, is a concept yeO
such that yC ¢, f; and for any 6€O, if 0C «, fthen 0C y or 6=y.

The least upper bound of & and S, denoted by oLl S, is a concept yeO such that y 3 ¢, f; and for any d€O, if
01 a, fthen yC 0 or 6=y.

2.2 Theframes

Assume that there is a set O of concepts, a set 4 of attributes and a set R of binary relations.
A string ¢ of symbols is a statement if either
9 = [aw],
where aeA and veD,; or
¢ = [ru],
where reR and ucU.
A frame F is a set of statements such that for any ae4, there is at most one veD, such that [a:v]eF; and for

any reR, there is at most one ucrange(r) such that [r:u]eF. Let F be the set of all the frames.
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We define a binary relation < between frames, called the inheritance relation: given two frames F and F’, we
say that F' is a sub-frame of F', or F' inherits F’, denoted by F<F', if for any [a:v']€F" there is a v such that [a:v]eF
and vcyv'; and for any [r:u'] € F' there is one u such that [r:u]eF and ucu’.

Corresponding to the Leibniz law, we assume that for any two frames F and F', if F#=F' and F<F' then there is
at least one attribute a€A4 or one relation reR such that either [a:v]eF, [a:v']eF' and voV'; or [riu]eF, [riu']eF' and
ucu'.

It is easily proved that < is a partial order on F. We define the operations on F.

Definition 2.2. Given two frames F and F', we define two frames, denoted by FAF' and F\VF' as follows:

® for any a€d, [a:v]eF\VF' for some veD, if and only if [a:v']eF for some V'; [a:v"]€F" for some V",
and v=v' V",

®  for any reR, [r:iu]le FVF' for some ucU if and only if [r:u']eF for some u'; [r:u"]eF" for some u",
and u=u' u";

® for any ac€d, [a:v]eFAF' for some vcD, if and only if v=v"M" if [@:v']eF for some v' and [a:v"]
eF' for some v'; v=v' if [a:V']eF for some v' and [a:v"]eF’ for no v'; v=v" if [a:v']€F for no v' and
[a:v"]eF' for some v";

® for any reR, [r:u]e FAF' for some ucU if and only if u=u'Nu" if [r:u']eF for some u’ and [r:u"] eF’
for some u"; u=u'" if [r:u']eF for some u' and [r:u"]eF' for no u"; u=u" if [r:u']eF for no u' and
[r:u"]eF" for some u".

Proposition 2.3. For any F, F'eF, FAF' and F\VF' are the greatest lower bound and the least upper bound of F
and F' under <, respectively.

Given a class F" of frames, any two frames F and F’ may not have FAF' and F\VF' in F. Hence, we can define
Ar-and VE- in F'" as follows:

Definition 2.4. Given two frames F and F’, we define FAps F' and FVE: F' to be the greatest lower bound and
the least upper bound of F and F' in F", respectively.

Proposition 2.5. Given a class F" of frames and two frames F, F”,

FApF'<FAF',
FVF'<FVg F'.

2.3 Thelogical theories

Let L be a logical language containing the following symbols: (1) a set U of constants, (2) a set C of unary
predicates, (3) a set 4 of unary functions, and (4) a set R of binary relations, such that for every aeC, acU, for
every a€A, there is a domain D, and a: U—D,; and for every reR, rcUxU.

A string ¢ of symbols is a term in L if

1= x[c|v]a(1"),
where x is a variable ; ce U C; for some aeAd, veD,; t'¢D,.
A string ¢ of symbols is a formula in L if
p=xal b alt=sly ol yi— yo| Vxp(x),
where x is a variable, 7, s are terms, aeC.

A formula ¢ is called a sentence if there is no free variable in ¢. A theory T on L is a consistent set of
sentences. Let T be the set of all the theories in L.

Definition 2.6. Given two theories 7 and 7', we say that 7' is implied logically by 7, denoted by T|— 7', if for
every sentence peT’, T |— @, where |— is the first order inference. 7 and 7' are equivalent, denoted by 7=7", if T }-
T and 7' } T.
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Then, |— is a partial order on T.
Definition 2.7. Given two theories T and T’ in L, we define two theories T T’ and T NT’ as follows:
T T'=Cn(T) Cn(T");
TNT'=Cn(T) N Cn(T"),
where Cn(7) is the logical closure of 7, that is, Cn(T)={rp|T|— 0}.
Proposition 2.8. For any theories Tand 7', T T' and T NT’ are the least upper bound and the greatest lower
bound of 7 and 7", respectively.
There are two special theories in T : 7T and 7., where T is the inconsistent theory, and 7L is the first order

theory, that is, T1={g| |- @}, the set of first order theorems. Then, for any logical theory 7, T4 |— T|— i}
3 TheTransformations

In this section we give the transformations from the ontology to frames and from frames to logical theories
such that the transformations preserve the structural properties of three structures: the ontology (i.e., concepts under
C ), the frames under the inheritance, and the logical theories under the logical implication.

Proposition 3.1. Given an ontology O, there is a transformation o: O — F which is a congruence between O and
F, that is, for any @, SO, aC Bif and only if o(@)<o(/3); and

o(aU fy=o(Q)V+0)o(B);

o(an f=o(a)As0)o( D),
where ¢(0)={o(a)|acO}.

Proof. Given a concept acO, define
o(a@)={lav]lacd} {[ru]lreR},
where for any aeA4,
v={a(x)lxeUxC a};
and for any reR,
u={y|IxeUxC an(x,y)er)}.

By (2.1) and the Leibniz law, o is injective, that is, for any «, fe O, if a#f then o(@)#o(p).

It is a routine to verify that o is a congruence. O

Proposition 3.2. Let 6(0) be the set of the frames defined in Proposition 3.1. There is a transformation z: ¢(0)
- T which is a congruence between (0) and T, that is, for any F, F'ea(0), F<F" if and only if #(F) } «(F")/0, and

o(FU FY=t(F)vz(F");,
o(F M F)=t(F)At(F"),
where 6 is a substitution such that if 7 and F" are the frames for concepts « and f, respectively, then =0/ a.
Proof. Given a frame FeF for some concept €O, define
(F)={V x:a(a(x)ev)|la:v]eF} {Vx:aIyeu((x,y)er)|ruleF}.

By (2.1) and the corresponding Leibniz’s law, 7 is injective, that is, for any F, F'€0(0), if F#F' then ©(F)#
o(F"), that is, either o(F) |+ «(F")0 or «(F") |+ «(F)0", where 0'=c/B.

Given two frames F, F" for concepts @, f, respectively, such that T f, assume that [a:v]eF and [a:v]eF".
Then, V x:a(a(x)ev), say =g, is in o(F) and V x:f(a(x)eV"), say =y, is in o(F"). Then, ¢ |— w0. By the proof of the
above proposition, vcv'. Hence,

Y x:a(a(x)ev) |— YV x:a(a(x)ev');
YV x:MHla(x)ev')d=V x:a(a(x)eV");
o |- yo. O

Classically, the intent of a concept « is a set of properties satisfied by every instance of a. Hence, given two
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concepts a, f, if aC B, let I(«) be the intent of ¢, then /() should logically imply /(f). The transformation 7 given

in the last proposition says that /(@) |+ 1(p), but I(@) |— 1(P)0, here, I()=1(c()).

Given a concept a, we use F, to denote o(a), and use T, to denote 7(F,). We can take O, F and T as three

categories such that

0=(0(0), homo);

F=(o(F ),homg );

T =(o(T ),homr),
where 0(0) is the set of objects in the category, and for any «, f€0(0), homg (,p) is a set of morphisms from « to
p, namely,

0(0)=0;

{C},ifaCc g
homg (oc,|3)={

®, otherwise,
and similarly we can define o(F ), homg and o(T ), homr.

Then, ¢ and 7 are functors. We have the following commutative diagram:

a o F, T T,
C < F
ﬂ o F/y T T/}

This diagram guarantees that an ontology, its representation and its reasoning are coincident.
4 An Example

In this section we use the commonly-used block world as an example to show a simple ontology, its frame and
logical representations.
Assume that there are five blocks {a, b, ¢, d, e} and a desk {D}, and every block has length v,, width v, and
height v,. Let M= {a, b, c, d, e, D}.
Let O be the ontology to describe the blocks. Then,
O = {block, desk, state, a, b, c, d, e, D};
A = {height, width, length},
R = {above},
where
C = {block, desk, state};
U={a, b, c,d, e, D},
and a state is a structure s= (M, {above, top}), where
topc M;
above ¢ M x M,
and the unary predicate top is defined such that for any xe U,
top(x) < —3y (above(y, x)).

The state S given in the following diagram is described by such a structure S= (M, {above, top}), where
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top = {a, c};
above = {(a, b), (b, D), (c, d), (d, e), (e, D)},
D
We assume that the ontology O includes the following set of axioms:
T={Vx,y,z (above(x,y) above(y,z) —above(x, z)),

Vx (— above(D, x)),
Vx (top(x) <> Vy (— above(y,x))) }.

A move is an action, taken as a mapping from states to states, where the mapping satisfies the following

condition: for any states S; and S, let S, = (M, {top,, above,}) and s, = (M, {top,, above,}), then

|A (top,, topy) | =2,
where A is the symmetric difference of sets.

We define a frame for block as follows:
defframe : block

{
is-a: object
instances: a,b,c,d, e
attribute :  length = v,
attribute ;. width = v,
attribute :  height = v,
relation : above

}
and a frame for block a:
defframe: a
{
is-a: block

attribute :  length = v,
attribute :  width = v,
attribute :  height = v,

}

defframe: ains
{
is-a: block
attribute :  length = v,
attribute :  width = v,
attribute :  height = v,
relation : above(a, b), above(a, D)

and a frame for block a in state s:

We have three theories for block, aand a in s:

Toiock ={ Vx : block(x : object),
Vx : block(length(x) = vy),
Vx : block(width(x) = vy),
Vx : block(height(x) = v,)};

Ta={ a:block,

length(a) = vy,
width(a) = vy,
height(a) = v,};

Tains ={ a : block,
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length(a) = vy,
width(a) = vy,
height(a) = v,,
above(a, b),

above(a, D)}.

The descriptions given above seem too simple, because they are just the descriptions of objects. In fact, the

descriptions become much complicated when we consider processes, where we should use the types to distinguish
the objects, processes, actions, states, etc.

The frame for state is given as follows:

defframe : state
{
is-a: process

haspart: universe M

haspart :  relation : top

haspart : relation : above

axiom: VxeM(x:o v x:71);

topcM ;
abovecM x M,
VxeM(x:t - xetop);
Vx eM (xetop - =3y € M ((y, x) eabove));
Vx,yeM(x:oAny:t > (y,x) cabove);
Vx,yeM ((x,x)¢ above ),

Vx,y,zeM ((x,y) eaboven (y, z) eabove - (x,z) eabove);

Vx,yeM ((x,y) eabove - (y, x) ¢above )
}

defframe: s
{
is-a: state
haspart: M= {a,b,c, d}
haspart: top = {a, ¢}
haspart : above = {(a, b), (a, D), (b, D), (c, d), (d, D)}
}

and the frame for S:

5 Conclusions and Further Work

Taking an ontology O as a structure, i.e., 0 = (O, £ ), we define the corresponding logical theory 7(0) as
TO)={Vx(x:a -x:p),qy (y: pr—=y 1 @) | aC B} {T,| €O }.

We can prove by the quantifier elimination that any statement in O can be proved in 7(0). Hence, any proposition
holding in ontology O can be implied logically in 7(0), and any proposition implied logically in 7(0) is a
proposition holding in O.

The transformations ¢ from an ontology to frames and 7 from frames to logical theories, hence, the composition
70 of ¢ and 7, are structural-property-preserving. This ensures that the representation of concepts in an ontology by
using frames is faithful; and the transformation from frames to logical theories is faithful.

The definitions of ontologies and the subsumption relation (frames and the inheritance relation) compose of the
presuppositions on ontologies (on frames), and under the presuppositions the faithfulness and fullness of the

transformations are proved so that the inference in frame- or ontology-represented knowledge bases is correct.
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