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HMEAL. b, KT = S R AR Fk Tsabelle iR AESR, f 3L W An b ST 30 - #EAT b, FH280 8 BARIL a9 BiE 7 €. £
Isabelle ¥ *F LLRB 45N Ao M R 3RAF SEAT B B XL, 2t 3L R R 3 S ATARAL AL 22, FFI0E B 4009 E A 1. X2 H
K AE Tsabelle # 2+ % 4L X LLRB 4 A\ Ao M) o F ik St ATHURAC I IE, 4842 T B AT LLRB Ji% 49 Dafny $iE, & 24
W 158 iR £ 84, A G M P R 2, M2 T Bied R4, FI oY, A LM 5ok o) B3 XA A 4244 T
—R A HRE ML
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FEELSES: TP311

thC S R R R IERR, SIS, B, IR, B, AL £ 8 &, LLRBEVE M iR Sl & HAUMALIE. SRR3R, 2024,
35(11): 5016-5039. http://www.jos.org.cn/1000-9825/7034.htm

5| k%X Zuo ZK, Huang ZP, Huang Q, Sun H, Zeng ZC, Hu Y, Wang CJ. Functional Modeling and Mechanized Verification of
LLRB Algorithm. Ruan Jian Xue Bao/Journal of Software, 2024, 35(11): 5016-5039 (in Chinese). http://www.jos.org.cn/1000 -9825/
7034.htm

Functional Modeling and Mechanized Verification of LLRB Algorithm

ZUO Zheng-Kang', HUANG Zhi-Peng', HUANG Qing', SUN Huan’, ZENG Zhi-Cheng', HU Ying',
WANG Chang-Jing'

'(School of Computer Information Engineering, Jiangxi Normal University, Nanchang 330022, China)
*(School of Digital Industry, Jiangxi Normal University, Shangrao 334006, China)

Abstract: Unlimited by the state and space, the formal verification technology based on mechanized theorem proof is an important method
to ensure software correctness and avoid serious loss from potential software bugs. LLRB (left-leaning red-black trees) is a variant of
binary search trees, and its structure has an additional left-leaning constraint over the traditional red-black trees. During verification,
conventional proof strategies cannot be employed, which requires more manual intervention and effort. Thus, the LLRB correctness
verification is widely acknowledged as a challenging problem. To this end, based on the Isabelle verification framework for the binary
search tree algorithm, this study refines the additional property part of the framework and provides a concrete verification scheme. The
LLRB insertion and deletion operations are functionally modeled in Isabelle, with modular treatment of the LLRB invariants. Subsequently,
the function correctness is verified. This is the first mechanized verification of functional LLRB insertion and deletion algorithms in

Isabelle. Compared to the current Dafny verification of the LLRB algorithm, the theorem number is reduced from 158 to 84, and it is
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unnecessary for constructing intermediate assertions, which alleviates the verification burden. Meanwhile, this study provides references for
functional modeling and verification of complex tree structure algorithms.

Key words: left-leaning red-black trees (LLRB); functional modeling; mechanized verification; Isabelle theorem prover; binary search tree

TR L RE S T AT A N A A MBS . A RN B A A R SRR R R A R LR, TR M TR
SINEE L B R R PN A AT, SR R TR AL IRAEATIE, X T8 KT R A B AR g5, g
(¥ A 2 R0 3 fi P L P 60 I R LA B e g U R I i W 1 30 E R G e SO IE S5 HE, RB (red-black
trees) 1F N = XA B AR A, B8 2 3ok 4 32 v v e 220 i L Wl e A ) 1. RISk — 4 2 SR ) S R L AL
UERHAT I T B — B R L

WU A 78 BEAE B 2 CRUEFE 7 IE R 1 (G 208 A%, 8 HURAY 28 BEAIE B T o6 SV R AT LA IE B C o —
it JE e %4 B, Isabelle/HOL & 445 32 FH . LCF J7 =AML 2 BEAIE B 2% M, S6h T X s 52 2% Bodis 454
(AT IE A MR B0AIE 58 3@ L. LLRB J2 i Sedgewick $ Hi i —Fh — AR R AR A D), L5 HLAL S RB 454
Z TR A, TESRIUE LLRB A IER MR, T I0UEFTE T2 50 2 A2 g 1), 18 25 18 1 P %2
X FEAT G R B R He T 2, FLIRUE BT 7 EEAC BT £ (R R R 0, TR B A R TR A SR, FREE 2 A
TR 31 It R e SRR v, AW R A5 5 AN % RS v M [ AN e 4025 3 W SR, 3 5 %5 B A i
R 75 R AR i R T B R A R (R i, L BRI M B0AIE 75 B 2 (M i R A 15 U,

A ICTE Isabelle 51 LLRB 4544 J e NI StV R AT bR 5 e, 0 JUME R AT R 43 1) B, BYY
HH 3 3 R VB R R M T I, 2) B DR, AR AR TR v SR 2 B TR R AN, B LLRB (R €
o SRR, A IR E T LLRB R B A M T RE IR M. ASC TAEM F ZoTek B 45 F.

(1) IR A SO R R Bk A e, B T XA R S0 1 s B @ AR B, F X35 (locale) 2 —
A A L R A R R = i Ak BR R, 7R AR AR R AR LS R (W AVL B, RB. LLRB %) #F4T 8
T, AT HEAT A B S 1 4L

(2) Nipkow! 4 Hi ff) Tsabelle 56Ul HE 42 F A 1R 35 (038 F M. 7 i o — XA B 2R T S0, sk fi e o A 3k
AT T RER . A SCE S F2 98 50 UFE AL 20 5 %0 B 51 BLZ A1 (96 2R, S5 BRI M 57 B S0 E 326 AT 404k, 25 B BRI B0IE 7 &,
%7 AT R LLRB B0 1) IE R P IR AT A 3E.

(3) T XA R L (4 NN R =iz Ak ek B, SEBIAE AR AL LLRB 1) s, 5 T 50wk 2), &
IRAE Isabelle F1¢5 tH T B %0 LLRB i AN BR S92 AU AL B AF, AH3R T H /i LLRB #3% 1) Dafny 4010F, 2 3
Hr 158 Wb & 84, HIL TG I 5, 94R T 30 10F 1Y ff 3.

AR 1A RIA I TAEHAT A B LR 7255 2 1 — XIS BRI RN R e e b, X %0 T
oA NS ) i vz A BRI 58 3 90 = XA RS E 1Y Isabelle B0 TIEAE AR ) FRDNPE AT 404k, JF45 H Bk
FRIIIGAE 7 22, %5 4 5 DL LLRB 2035 24, % HHE AT Isabelle BB R, 45 5 %) LLRB (8000 53k 47 TEfi
PERGATE. 5 6 T S BUE T A I SLIeBEAT X L. 5 7 5 R X4 S R R 4G DA R Rk TR .

1 HEXITIE

ILEESR, BH4 RBs 26 (24 RB, LLRB, RLRB %5) Sk M 7T, 2 EALHE S S LR LA 56 1E #9477 1

RBs ZRBLVASEHL: — SCH 2 S 2 M 1A 4 N AN B A AR T 25 PR KBS R I 1000 ™, [RII RBs 28571t
AR T B, SR [10] 3R B 1) RB HOESEOUAERA L RE T A 6 FHERE AR, HXTRERERIER &1
HSINT 8 FhOL, DUBIBRERAE AU Bl 80 4T STHR [11] #2170 RB JRA, FKN AA B, 7246
NE BRI AR GIN skew F1 split A FEA (A DB R A &, IR0 HE SR HEAT IR LE AR N B 22 W RE 5 22 5 UK,
FAFMER 8 5 P KL 100 179 Java AU, _FIRG K RBs HIEAR) i & U7 LB 2%, 7528 P& 1 B 14
L2 . 1T R AR e AT DA e AR 1 52 P, AR S B Ay e ial, ELAS 2 7 A AT AT S5 3 A R A5 ey s 7 P 20,
SCHR [13] 321 7 RB AR B BGURAR . AZ A SR T X1 DLost /b 21 4 Ff, B P 81T R 1R 2 A7 379 s Al B
AR, RG>, HBA 4 IR R R N S,
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RBs KEERINURACIEUE: 3T 148 E BRE B T s B0 R B AR A S2ARFS 2 A PR ), 2 CRUF SR IR PE . itk
G, DR P88 TE 00 ST B s R 7™ B 43 2 (1) B B2 7 vk, Sk [14]) 33 51 ANABREER (module) F1E& T (functor), TE Coq HiBIIE B3
THAIET B T HIRE (finite sets) SLHLM RB 5%, SCHR [7] FEFIEAE b, 3-H T —MEE A®E K H2T Coq WIE
1) RB Rk, Ll SCkE £ T A BREAE M SL Il 7 SRR ML) RR, BT A REN TR F I, T = X R W
REERI AT T T B AT ARSI A 2 T, 3 4 SRV IR IE R I B 2% b T O AU A 6 E 5 S A K ) TR 3. Why 3 B 9R
JE R UISHlT RB S R B AR, I A K B A4 B 5 BEAIE B L AR VR A IR i, (RS B4 A e A B 3L
IEWPESSIE. Nipkow it T A GEHIIE T H IREE (finite sets) (SBT3, #1012 2 = SO R ETHF IR B
TRUFHEZE ®) 78 LR 1%t RB HVEIT T 5 B AU S8R U, (B 7 38 SRME S (038 A 4k, T I 45 b
R ELARAL B8R TT S WMok 45 . SCHR [6] R Dafny “F & 58F 7 LLRB 48 AR BRHAF, UEBA 1 AH R R 0 26 1k
PERIERAYE. SRTTA T Isabelle 7€ FEIE I 2%, Dafny ()€ PR (requires+ensures) - Zilid W = (assert) KAk, M LA
2k 7K "7 1M Tsabelle [ 5E L (theorem+lemma) Sz FFREERAL (BT, AT IEIT 2 SR IOZEAL. B AN X S BB AT
75, A R0 T AR R 2 X Dafny W8N EEBEATIE WA HEEE, R a] A ek Bl n] ST AR U T Tsabelle
R 2 H0E SORTR B0k B 1 T HAT S50, B AT LA Bhi 4oy Hofih ok B A4 A2 18 & (0 Haskell. ML 25)"); Dafny
— a4 R SR MRS IRIE S, RN R AT 5 B & 1F LR R rh e 5 2 — BOH 24 5 1 o A .

ARSCHET Nipkow!™ i H 9 = XA 2 25075 1) Tsabelle B UFHESS, B0 TS5 T H BREE (finite sets) 152
W7, M inorder J7 WG WML B4 7 53 (sorted list), W] BELEEZI M — AR R B GE My (104 1k . % 2 bl
TSR S0 UE EAT 44k, 45 H BRI BAIE 7 28, i3t — 2 LD LLRB Jskfl, 7E Isabelle 145 H1 T LLRB [ 5658 i %
AT HIE, [FE LLRB 4512 S AR RI DR . MEREGAE SR, & IRTE Isabelle H145 HH T 13
PEEE R TR I R 7E N I R 2GGIE I, FE IR RE . 36 IE A (A H AL AR R T P AT HE 3 N7 T S5 AH 5 AR #E
ATXTEE, FEZR T AR SCHR HA A N O Bk 140 s B2 A R 0 LR S5 BRI A o 4 s ) R AR A BeiE 7 8 AR R

2 —XHERMEE RN R ZRIER

XA R R R AR AR AN 2 AR, LR R AT s B U, A5 K AR AR
JE SUAEHEAR LT A — € AR 0 TR AR R R A, 2T SCHR [8] #9 = XHEZ A R0 R B U AR 2L, 3K
I XK (locale) ZH T — A% 2 S A5 $78 A AT KR = iz AL PR E, FE X BAR 18 = SR AR AR BEAT @A, )
BEAT AR A SEGIAL, AR T ot
2.1 “XHEEREERRREREX

T XA R R REW A RO AR E A UT W TR VR &, VPR ARE IR MIERAEN, 7T T silah
££4 (dynamic set). 23K (lookup table) ZE%HE 45 ¥ U it Tt — XY Z W (FFK search_tree), HEEA AT
LA A M s SR

datatype 'a search_tree = Leaf | Node ('a search tree) 'a ('a search tree).
7E_ BB E LA B, AT T T4 S HA:
{ <> = Leaf .
<lLx,r>= Nodel x r

X T XA R ALK (RIFRA BsTreeVar, 15 J5 LT SEFIAE A0 BAR 1 = SRR, FAT 0w 585 A s
P (B, =SS, GiFRN add_ prop). 1t Isabelle W, type_synonym AT LA 56 4% @ FF M0 A . 7E38 = 2R it
AIBEAERRTAR T, type_synonym T LAMG HAt 2 — R i U, Al 7 4R 3 — B SR St B LAy 78, BE T
I, 5€ LT search_tree WJEHL[E] SLif] BsTreeVar:

type_synonym 'a BsTreeVar = (‘a X add_prop) search_tree.

22 “XNEENREHRNILE
AR B AR P AE AT I R 0 AR ) Z AR N, o R e AT BRI I, W] DI o E B AN AR AR P IRAT HI
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JERFLRTER . AR R G R P 5 TT DA s SO ARG, B HR I 3T R R A BB R T
AR, CLACBE I BT (At . i B4 ). YERREE AN BN AL 1B R R A FE A AL & (FTFR bsr), 4ERFRE Ik
JOR AN AR 10 38 6 R DU 5 W) AN AR e (TR i), 85 GE R = X R (AN B (TR imvar), S ESVE R ZE AT
BEARPRAE (&R FAFIER) IS 75 4EREAAZ, DT IE FF AR 2 o8 24 ) IE A .

XA BRI S SRR I, FE Isabelle W, SR IR EL set_search_tree SEEL T ¥ WU B u RS
set_search_tree :: 'a search tree = ’a set

set_search_tree <> = {}

set_search_tree <l,a,r> = set_search tree | U {a} U set _search tree r
BT R e HY set_search_tree, P X — AR BRI KRG I FEA AR bst BEAT R BN, Fosg LR
bst 2 (‘a::linorder) search tree = bool
bst <> = True

bst <l,a,r> = ((¥Vx € set_search tree |. x<a) N (Vxe& set search tree r. a<x) A bst I\ bst r)

Horb, ra REGTRIH R EF KRR (5P IA a KB Qk), BT = SRR R S5 (A AL &, o #0

N bool ML (True B False). J34k, X T 7 S48 R W AL 0 109 B I 1 57 10 AN 42 B85 S, mT e o et 2 e

inv :: 'a BsTreeVar = bool FK3R7x. KIbR#E — S ZR A RN S BN AR A4 A AR E ] L3 il 4 58 SUA:
{invar search tree = bst search_tree

invar BsTreeVar = bst BsTreeVar A inv BsTreeVar

23 “XHERBEMER. BATRBROSMIZLERE

TR R R SRR E AR B E IR R ATIMIER, VE 8 R AR B R SE R, A SC G Y
set RSB — RAVHRAE. WL 2 SCRE 2 A4 11 (B —4U3AE lookup, ins, del), M AT CABEVE S 5 404 26 R 4 1,
Hr, 'a /& set FILERIA:

ins :: '‘a = 'a BsTreeVar = 'a BsTreeVar.

lookup :: 'a BsTreeVar = ’‘a = bool
del :: 'a = 'a BsTreeVar = 'a BsTreeVar

TN AR BRI — R BV ERAE (1 R B S I T LIS SRR B emp, R EGR [F] datatype cmp_val = LT |
EQ| GT (NTIEETIRT) M — b . iX 45 o8 B RS SR AR, HAHEE Talid= < F> REETTRIMA E &
R, AR E (R

datatype cmp val= LT|EQ|GT
{cmp t'a=> 'a = cmp val .
cmp x y= (if x<y then LT else if x=y then EQ else GT)

(1) EHR

MRS = SRR FRHIE, THREER T =0 &k, N 7RIS HE, TR ECR ) True 5 False, 2R RE R E)
A x. lookup BREUHI SEIIHEZE 4T

lookup < > = False

lookup <l (a, ),r> x= (case cmp x a of LT = lookup | x
GT = lookup r x
EQ= True)

(2) 8 N FAM B

TEIX— 8509, B A% Tsabelle (9 X35 (locale) Ko X imMr iz A ek B0, FH T30 N R BRERAF . X $2 —Fhif
FEARHAL AT 2 300k 1 S P ML, 6 78 20 28 35 bR BORRE e 46 4 2 1) S 2% I i o 28 PO, St X 3k s B, ) 2 S8
(032 AL BHE S A R , FRal R FLREAT Sk, DASEILE . A5t R
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locale loc_name=//IX 3%,
Sfixes xy:i T, [IFE S

fixes x,:: T,
begin//X 3 k&
definition/fun/function/primrec a,:: ¢, /N2 EREL

definition/fun/function/primrec a,:: ¢,

end

AR X 38 BG4 X344 Toc_name FRIRSEL fives (B 1) 0 x; o 1) RonFE O 4 x LI ¢,
Ho o ATRUREE R, MBBA TR L AR, XA 25, AT LLE X —ANH begin-end Hr i i X 3844,
X 3 Ak P BB AT 8 X — R AN IZ AL PR BT definition/fun/function/primrec, X %832 Ak bR F ] 1 FH X 38k 75 BH A 142 0. 3240
BRELa, ¢y LT BRE ay FOLRRECEE ¢, .

X 375 B 3 8 X A )5, WEE R (interpretation) Y61 X 48 A 75 B 1) 42 CVAT A8 1R092 AL SR B80S A, A3
CAE ST LT X TT#E R, interpretation — BRI

inorder t, @ a, # inordert, @ a, # ... # inorder t,.
AR, loc_name 7275 BELBMU KX 4, loc_instance, loc_instance, & T 52B10 X3, loc_name F4% 11
Sixes I EREREL.

F ISR " AR AR R G AR R BERBETCR x HIAE N BN BRI AR, A5 7 W] T X 3R BsTreeVar_op
g X TH 0 pre_invls pre_invre F pre_invsplit, 53 AEF X TR A FRAMER A1 split BeE R 4ERF SR AAR
B iny, X 3 AME O] E SO AR AR AR ARAE RZAC R B ins's del'. BsTreeVar_op #i& T — X34 R
PG L I HEAAGA, ATHEAT AR SEIK, X — MRS 4.2 1L A, H2 1@ LR

locale BsTreeVar op =
fixes pre_invl::*““a BsTreeVar = 'a BsTreeVar = 'a='a BsTreeVar = 'a BsTreeVar”
and pre_invr::“’a BsTreeVar ='a ='a BsTreeVar ='a BsTreeVar = 'a BsTreeVar”

and pre_invsplit ::*““a BsTreeVar = 'a ="'a BsTreeVar = ’'a BsTreeVar”

FNFVEFET 2 BERMRT B2 T ERGENALE, R TT RN, AT S AL,
1) A HE x BT < >, WKz T B BB x T AL
2) HHAE x AR EW<L, (a, ), r>, WM cmp B x 5 2987 AR SBME o BRI, H A5 (EQ)
TN 22 B G B, AN BN, 1% x 5 o KR T (GT) FVNT (L) 500, 338 T34 x 3 A\ B TR EE TR .
ins'x ¢ RIRHATTR x B) I ZMW ¢ b, FFRBIEN x 5 R, ins TS BHZ AL R EU0 T
fun ins' ::*“a="'a BsTreeVar="'a BsTreeVar”
ins'x <>=<<>,(x, ),<>>
ins'x <l,(a, ),r>=(case cmp x a of LT = pre_invl(ins' xl)lar
GT = pre_invrlar (ins’ xr)
EQ=lar)
TR RS G R B B B AR AR T N SR A E O, BN BR T ER T REARAE — i B B L T, XA
R T R/ A TR 5 D7 (RS ROEEAT IR ELE . X AR R LR A L.
1) AR MBR T AR TR g 715 A, DR L7 T R B AT AR
2) AR T AR TR R A N TR B B N e 3R, IR FOBCR R IR AL, T 4
FEHT RO AT SR = S R SR
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del'x t XARMN SR ¢ PHBRTCE x, FEIR BIBR x J5 BIHTH, del MImiBiz Ak & an T
fun del' :: *“a="a BsTreeVar = 'a BsTreeVar”’
del'x <>=<>
del'x <1, (a, ),r>=(case cmp xaof LT = pre invl(del xl)lar
GT = pre_invrlar(del xr)
EQ = pre_invsplitlar)

3 “XREREE L Isabelle 3EIEHES

AT AE Tsabelle HE — XAHRB R FERIEFIE, 55 3.1 TAIHS 3.2 WA T Nipkow £ESCHR [8] 2 Hi Y
set SEUURH . inorder 715, FEET LR FEFRA VRS T 4E R — XN R R M R AN TE bst L.
X FIEEAANAR G bst, 55 3.3 TTHET 3CHA [8] 1Y Isabelle H0 UEMESL, VRN T 407 R 250 5| AL AN B 18 1 o 4325 o
Koy 51 B I E I A2 R g e R L) AR B 5 B I R OG AR, 45 TR L PR A B 5 B g AR A
X TS5 AR inv, % 3CHR [8] $R LY Isabelle B6UEHEZE SR H 1), Xof BN R BT R BEAT 1 BRIR, A SO B
PERRBEAT AL, 45 T BRGNS AE )y %8, 7256 3.4 1R, RATE S5 1 T Uk BB R K2, a3 4 B
5 5 P48 B A5 TR P O 2R DN HR B 4 B 5 B ) ) ke, AR AT NN BR #2E /2 B S BOR Z5 i AN AL ] inv K103
PRI, 3k BRI R Y A B T PR AR DA S IR UE S8R, S KA ke 63 1 57 B A O AR BaE YR BT B, AR T
I IR B A B 251, DL AL 30 IE RE A% 1 I8 — s i AT
3.1 set LIFEIE
A5 P ) 25 (40 5% o B0 s IR BT LGB 1) Hoare", SR T B AL (R MLZ0 18 55 VDM — AN 3. 78
KU — IR R, AE7E 58 A RV RDR F R P, SO R X B 25 I S AR 5 ser [H]
AWED = XA Z M AT lookup, insert Rl delete T LI set il € « U RI—RBEALL. B AR Z) lookup s x 7T
x € sets KRN,
TETT R B EL lookup, insert F delete TEHEAAAL & bst L IITHREIERAVERT, 9 T 18 8 X L FR4F, FEMB R
H set_search_tree:: 'a search_tree = 'a set 1 . X AR REW PIAL & invar . 'a search_tree = bool . 1 2 set T
OV SSESR
invar BsTreeVar = set _search_tree(insert x BsTreeVar) = {x} U set_search_tree BsTreeVar
invar BsTreeVar => set_search_tree(delete x BsTreeVar) = set_search_tree BsTreeVar — {x}
invar BsTreeVar => lookup BsTreeVar x = (x € set _search _tree BsTreeVar)

invar BsTreeVar = invar(insert x BsTreeVar)

invar BsTreeVar = invar(delete x BsTreeVar)

1 set SEILKIIRZ)

3.2 inorder J53%

TEE 1 HH set REFER X REWIEAREAERIGAE ML), 3 HIE TSR R EL set_search_tree, — X IR 13
ARG T bst W LLTE Isabelle FEAT ik, (HSERRMIEIER I T lise SR5EHL, BNH P (inorder) 7 LARUFHL R
INEEETH RO R, HorRr s DI P A R list 0] AR 5y ik A, # H BARBHESS A list /5N set Fl search_tree
Z 1) e () R A, WK inorder 7535, 4% ¢ BAT AN, 7= UWI< <t), ay, 1>, ay, <t3, as, t,> > WIHRER
GEN, SR EERMI AT inorder 18 )71 2372 A AR I list:

inorder t, @ a, #inordert, @ a, # ... # inorder t,.
R EL sorted B B LR AR, 152 sorted (xsy @ ay # x5, @ ap # ... # xs,,), AT AR il N DAUR AR A
{ sorted(xs@[al) 4%1 (Vx e set xs. x<a)

B
sorted(attxs) — (VYxe€set xs. a<x)
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L FEALN I, H P list £E Isabelle I T ser I 1%, ITARRE 18T Zise /5y b [A) R ARUIE B R ACA
At bst MR . LI inorder 3 [J3 A2EAH, RN inorder :: 'a t = 'a list 5375 bst Fl set_search_tree Z ][]
KE:

{bst BsTreeVar = sorted(inorder BsTreeVar)

set_search_tree BsTreeVar = set(inorder BsTreeVar)

N T E R lookup, insert 1 delete TEFR ERRIE, FHENXT 4 NRTHIRGHB R EC
sorted :: 'alist = bool
sorted [ 1 = True

sorted [x] = True
sorted(x#ty#zs) = (x<y A sorted(y#zs))

Hor1, sorted FoR R THTHT.
ins;, = 'a = ’alist= 'alist
insug x [1 = [x]
ins;, x [a#xs] =

(if x <a then x#attxs else if x=a then a#xs else a# ins;, x xs)

Hor, insy TR R TRR MR M BUESIR A, WK ZTT 3R AR BT 513 10 IE T L

deli, :: 'a = 'alist= 'alist
dely, x [1 = [ ,
del;, x [a#xs] = (if x=a then xs else a# del;, x xs)
Hor, dely, FnRIRLE E IO RE, MBRFIR T | AETZEMTE.
elems :: ’'alist= 'a set

elems [] = @ s
elems(a#txs) = {a} U elems xs
Forf, elems 5 — N HIRFEHNEITCRES.

TE_ LR IL bR EL inorder 1, 'a t A X IR EW IS, W TR — R X RW ¢, BARANAE & bst 7] LA
KINN sorted(inorder 1). 1£ inorder JTiEH, & LT KT HNIRM) 4 ANHBIREL sorted, ins;yg, delyy, elems, NI #4i&
A 7 2RE T inorder J7i2SEBLRIAH L.

K 2 LT (1)<(3) KX T insert, delete Fl lookup 1EIEAR A& bst L ITHEEIER M. W R0 Hh 5 £
set: ‘at= 'a set {EFENEREL elems MR EL inorder WIE A elemsoinorder , i 3 IR EE S5HE LG KRN
SEERN B H, AT LIE & 2 e 2R b inorder 75 SEIR AL 518 1 L1241,

invar BsTreeVar = inorder(insert x BsTreeVar) = ins,, x inorder(BsTreeVar) )
invar BsTreeVar = inorder(delete x BsTreeVar) = del,, x inorder(BsTreeVar) 2)
invar BsTreeVar = lookup BsTreeVar x = (x € elems inorder(BsTreeVar)) 3)

invar BsTreeVar = inv(insert x BsTreeVar)

invar BsTreeVar = inv(delete x BsTreeVar)

W2 fTHRFEM EFRET inorder J7iESLBLIFLL

elems(ins,,, x xs)={x} U elems xs

sorted xs = distinct xs

distinct xs = elems(del,, x xs)=elems xs— {x}
sorted xs = sorted(ins;, x Xs)

sorted xs = sorted(del,, x xs)

3 FIRIRAE SRR AN RS 5 2
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3.3 BEALRTE bst (NI IEHESS

T bst KIRUFHEZE, 3T set SEMUR inorder 7735, FrA R 5T 0T Z SXAE RW AR, 45 H T AH R IRAIE 5] B4R,
FreE T AHEN 5] BRIk SRS, SR S| BER K E B . THZIEAANTBE bst 1 lookup, insert 1 delete BAERT S
AR B YRR BT TR B

sorted(inorder t) = inorder(insert x t) = ins;, x (inorder t) T,
sorted(inorder t) = inorder(delete x t)= del;, x (inorder t) T,
sorted(inorder t) = lookup t x = (x € set BsTreeVar t) T,

BT AE Isabelle HHUEBRLL Ty, T, Al Ty, BRI 7&K T ANFIMHBR 2R 20 DhRE IE M 14, X T- L) T (AR,
bR = SR AIE R AR R A U, X B RATAR Tt e, N LR T, N, SHghrdE = XA bt i 1EH
AR AE. IR ¢ H9R<L, (a, ), r>, B x<a, HAFBE R T

inorder(delete x t)
= inorder(delete x 1)@ a # inorder r [[deletef]5€ X J&TIT
=del;, x(inorder )@ a # inorder r  [/VAGEE
=del;y x (inorder @ a # inorder r) /[ A B 5 B
=del;, x(inorder f) /i E XL
RS 3 A0 R s B 5| BEAR B, G ) T BT
sorted(xs @ y # ys) = (sorted(xs @ y) A sorted(y # ys))
{sorted(xs @ [a]) A x<a=dely, x (xs @ a # ys) = (dely, x xs) @ a # ys

1 /N5 M E SR sorted(inorder £) E| sorted(inorder | @ [a]) \sorted(a # inorder r), I SCHFER 2 /N5 3
BI0 dely,, x (inorder | @ a # inorder r) B del,;, x (inorder 1) @ a # inorder r).

X AEARE = XA B R delete BEYERF bst B— MIEWILFE, insert TR0, B 4 tPgA T = X RM K
HARRIEARAAZ G bst 150IE 5] BEAE.

I, : sorted (xs@ y#ys) = (sorted (xs@[ y]) A sorted (y#ys))
Yot Qsittbs 1, : sorted (x#xs@ y#ys) = (sorted (x#xs) A x < y A sorted (xs@[ y]) A sorted(y#ys))
. Iy : sorted (x#xs) = sorted xs
1, : sorted (xs@[ y]) = sorted xs
Is 1 sorted (xs@[a]) = insjjgx (xs@atys) =
(if x<a then ins,, x xs@a#ys else xs@ins,, x(a#ys))
Iy - sorted (xs@a#ys) = del,, x (xs@a#ys) =
(if x<a then del,, x xs@at#ys else xs@del,, x(a#ys))

bst_balance _functions{ /, : inorder(balance_ fun | a r) = inorder |@afttinorder r

insert / delete _def

| Lsplit _max t = (a,t') At # leaf = inorder t'@[a]=inorder t
bst_split - :

Iy :split_min t =(a,t") At # leaf = a#inorder t'=inordert
4 TR SRR AR A bet HIYGIE T BLAE

Bl 4 5] AT HISRIE TN Ty A T, R IERAE, 2o 1) A1 L, X P 51 R @ MR AR HEAT R TT AL faf 1)
WHBhSI B, LR L, R A FVIRT SR FIIRNZE SRR, I F I T T insert/delete H15E X, RRWIFE sorted 537
5hIRAEN RERAE DR W TARiE— AR, 513 1l R LATERKT bst FIERR, RROGBEAT| BRAR (list_simps
H insert/delete_def).

S F AR R A AR AR & bst WIAER, 5B [—1 B 2 BRINRG. 1 L3 N RO g4/ 7 B 3
R HOR R A T, TR BEFREA SR bse, RILAEST bst BEATUE IS, I 45 AL inorder 8 JJi 115
PR G| BREE [ (bst_balance_functions). 1E I; W1, balance_fun Rz T 4ERF — AL Z M I VERERAT RN . HIBR
BAER e UMz P g, S H0h 1 a, r.
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S BRLE Ig RN 1y (bst_split), Ferp 51 B I 3G T AVL M. AA W45, 5120 1 3& A THE PArkd. RBs. 2-3-4 #f. 1-2 50
SRS LR S Y T A T, 78 TIsabelle HHIE B9, o @Oy 62 5] BEAE (A B, o b — S 2R b Jik
ARAAREE bst WIBAE AT O B SE M ; ik T = AR R AR, RO 4, EFEHQMGN 513, @Fx P
BRI 3 B R B 5 BRAE, O HoAh 51 B4R, AN T 4 SR IE 5| BEAR Y B, (R 7EGE B I R b 22 3.

f theorem 7,: sorted(inorder t)y=> inorder(delete x t)=del,, x(inorder t) ‘

\ by (auto simp: [list_simps delete_def bst_balance_functions bst_split others)

T

FERGIFAR 11, R [, PR AT AR [ R B eR AS B T 0, JLAt IR
Bls XA R R AR 4R bst 1E Isabelle HHTHIE A
3.4 HMATE inv FIIEIEEZSR
BB 57 (R 98 UEAE S8 2 BTN TS R AR, AR & iny (TR SIS ST ITE A bk
B, AT g T — 2 IO B 51 BLAEAN 51 BRI SRK, T T2 AE insert A1 delete ¥#1E ), YEfF 45 H AN R PTG LA
invar t = inv(insert x t) T,
{invar t = inv(delete x t) Ts
X T HLT Ty F1 Ts, FATHRAA invar ¢, FRIE ¢ 56 20 23— R SRR RR TG AL &, FEHATHAF
MERIRAE 25, T59RT R — AR iny, XX BREL insert A delete BEAERF S — FINIE BT IEAA R UE . 3
t, inv AT CASEGIE Y R BEANAS B L RO ANAR B A AT A M2 0 BRIn P B2 AT R R A AR B, 73 JHI7E Tsabelle T3
EEATH ER .
FEXF XA R AT A N BN BRI, A A 55 B B P ek B e Al R A M R AR B, (R X KB imsert A1
delete BEAT IERFVEUE WIS, 75 200017 o8 UM G 4 B 51 213X BT & A S5 A PR L.
(1) FEFEANEMER — DT RUG, AR EA SR, 75 RT3 R A SHIMZE AL &
(2) FEAN B R — 15 S5, F— S AR P RES R OR, T E IR R BOM e AT I, Beie 4t
FRZE A&,
XETEGL (1), TS 1T o8 2 4 B 5 B4R
Ly :inv t = inv(balance_fun | a r).
ZREK AT RB 4N ST e B R N (R B O, B84 RB AT BE M O N S
IR, TR R AE X & 10 v BE I B AT UE B I, RF & 1500 (). 7E 1o 1, inv ¢ 3275 ¢ R — S A & inv, AP
BRSS9 IR T R AR A A A
TGO (2), FEABRAN B R — N5 505, S5 AR IR, 82 7R~ b ke 36 4 B 51 B A I 4%,
i EAE W] — MRS BIJE— G5 M AN B A HIRZS (T i 2 48 e 7 50 D 954 i 98 ] ) mT o o~ 7 e i
PEFPZ SN, NS S DL (2) P17 R 20 B 5] AR
Iy 1 inv t = inv_weak t
{llz s inv_weak t = inv(balance fun I a r)
o, 5IH4E 1)) RoRF ¢ R RGN R inv, W ¢ LSRR LI SR & F1 B4R 1), TR A i
ANEMIRR— AN 55, S ST T RE S A, R A S5 I 5 A AR 8 inv_weak SRS AT Be 7R I A 1
B (A0 SRR Be 2 56 4, T35 LR SE e Tl Ol B 51 B, 24 4R 2~ LI L), I Bl I P45 ek 28X balance_
Sun ZJ5, XA PRESBAEE, T80 212G AL & iny.

4 LLRB B ARREAERE

LLRB /2 Sedgewick & t i) —Fh = SIS R AL 0, AR T HoAb (¥ RBs AR, P-4 75 2240 B A0 1 TR 40,
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EAFARAD AR KT 73k . AT T SCHR [5] HF K Top-down 2-3-4 FRAS, 3536 T 58 2 F7 A0 = XA 240 R B QR A HE R,
f£ Tsabelle "4 LLRB fJ5E X AR Fl AR R 54T HEAT A ASSOXT LLRB 553 i A5 K Sk fEI A T L 2
% https://github.com/Criank/LLRB_proof/tree/master.
4.1 LLRBMEXKREFZERN R KA LI

LLRB P #5745 s LA MiE— (5, RN AU BB o (L0 s S ), IF L2 LR T
%57 1: LLRB 9 s P 7 a8 i 27 A — AN M THF R F13R, BRI AL T bst.
BT 20 AR R AR T A AT R A A A A R R 1 BB R, BRI AR & invh.
BT 30 T RO R A
BT 4: TERTA AT ST U BR A, ASBEAFAE I AN IE SR I A0 (77 5.

PR 50 0 TR R N BT, oA 775 RONUE T35 SO BE RN o 40 20 28, IR It 2 6 AL SR IR el
PER 4 71 5 SRRNBUEB AR inve.

XML FARIE T LLRB AR 4507 AR B A 11 B[] 52 209 B85 1) e R 156 00 5 4R 1) 8 JBE A L, ZE 30 B
LLRB £ w2, -T2 2 5 v Z SO A S5 M 10 ek B8 AESE, BsTreeVar SEBIAGN 1k, B INJEYE add_prop
S NI R T color, LLRB 52 X R EN LB T

//LLRB it & 1t 5 X
datatype color = Red | Black

—

|

=

|

=

—

type_synonym 'a llrb = “(‘a * color) search_tree”
BV HE B HEVE R

abbreviation R where “R [ a r = Node [ (a, Red) r”
abbreviation B where “B [ a r = Node [ (a, Black) r”

R 2-5 9 LLRB AR 1 AL HiR, 7E Isabelle H I AXAE 1 2rb, F5E I BN o k4T 45 Bk
AEER, B3 i FEAAL & invh MBI AR inve.

//LLRB 7E Isabelle H %A1k
definition //rb :: “'a [lrb = bool” where
“Urb t=(invc t /\ invh t /\ color t = Black)” //color t = Black F7~i# R MR 3
1158 SRS & bheight
fun bheight :: “'a llrb = nat” where
“bheight Leaf=0" |
“bheight (Node [ (x, c) r) = (if ¢ = Black then bheight | + 1 else bheight [)”
1158 SUR EANAL B invh, T 2 VR 2
fun invh :: “'a llrb = bool” where
“invh Leaf = True” |
“invh (Node [ (x, ¢) r) = (bheight | = bheight r /\ invh [ /\ invh r)”
115 SUBVE RS & inve, il R IHERT 4 R S:
fun inve :: “'a llrb = bool” where //fun & X PLIALE T bR B I £ - VERT LA E Bk Y

”‘

“invc Leaf = True
“inve (Node [ (a, ¢) r) = ((c = Red — color | = Black /\ color r = Black) /\
(¢ = Black — color r = Red — color | = Red) N\ invce I N\ inver)”
I THI A SR A A i B R
fun paint :: “color = 'a llrb = 'a lirb” where /% BT fiFi
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“paint c Leaf= Leaf” | “paint ¢ (Node I (a, ) r)=Nodel (a, c) r’
fun color :: “'a llrb = color” where //ZRIUTT SEE, H g X715 s v B
“color Leaf = Black™ | “color (Node (_,c) )=c”

B ARZR RN inve 1 invh YEm 7R, 8% 7T LL4r BE B 3 N R R e Ve 5 M AN & inve R invh I
W IEAf 1, A F TS IR SRR TAE.
4.2 LLRB fNFMIBRE LR R SLI

LLRB 53 LI M s 7E T4 RO B A5, 4 N B0 Bk 56— 15 S A 0 BE AR AT SR 36 /2 LLRB 1.
BT AR AR SR = XA A2 e A AH R, BRI SO Tt it 45715 3 ZE R LLRB A4 AR B S 2
YRI5 2.3 9 B2 A0 eR B S A AR B, DA BT 187 R BSR4 R AN AR .

RN

XT38 N BRAE ) R B RSB, B S0k X 3k BsTreeVar op #AT 5264k, e BsTreeVar op SEBIA lirb_op,
BsTreeVar SEHI I llrb.

locale /lrb_op =
and pre_invl :: “'a llrb = 'a llrb = 'a ='a llrb = 'a llrb”
and pre_invr :: “‘a llrb = 'a = 'a llrb ='a llrb = 'a lirb”
and pre_invsplit :: “'a llrb = 'a = 'a llrb = 'a llrb”

LLRB fHfA AR 1M =00k, MR iR Mg BB M R B GG E, B 71 i BT R KA.
FEIXAN IR AT RE WA v L AR invh, 9 1 8 X A DL, SR OSSR RR A BGRT T B BN L S5 e
(RIS RO BRI SBIR invh, IITTEASAE 5 TN X 7525 JE AL & inve. LT ACCER 2.3 0 R
R SREE R A N R AE (K2 AL R AL, ATAIE LLRB AR A BRAEHIIZ AL R 2 ins .

fun ins':: “ 'a = 'a llrb = 'a llrb” where
BT RARAN SR
“ins'x Leaf = R Leaf x Leaf” |
I AR B AR AR F R
“ins'x (Blar)= (casecmp x aof LT = pre_invil (ins'x )l ar|
GT = pre_invrlar (ins'xr) |
EO=Blar)|
VG REDt W NARENE B
“ins'x(Rlar)=(casecmpxaof LT= R (ins'x)ar]|
GT=Rla(ins'xr)|
EO=Rlar)

LN RN GBI T, AT BT PR B4R T PR s A @, B P S BT
PSR 0 B, AT S BN 1 imvh PR R RRCER. 17 24040 s 3 N Bl R, IR B pre_inv Fl
pre_invr XF BT P4, BN I 38 3o P 0 AR BE S TE SRR invh YRR I RTHR B 4EREB K inve PERR. BARIT &,
NI 1P 5 2225 JE DL R BRI L.

1) M3h N ETT S0, AN B2 (0 4T 675 5, BB MR 4 B IR, TE ) balil AT BHFE %L, 0
B 6(c); UAm N BILL AT pi A MR, [F3AE A baliR AT %, WK 6(b).

2) 243 N B BT S A M B 4N 52 RS HEAT B AT IR AR, P RS S th IAISE A G T A, SRR PR
5 WK, A6 A rightredB #HATRIFE R, W1 6(a).
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A

(a)
insert' x
(b)
insert' x
(©)

?IK insert' x
_

t

23
2}

-
:

1
b
3

4
A

f

t

t
1,

t
I
t}
A
t
A

baliR' @
_

balil’ ﬁ))\
_

5027

rightredB

L hLily
rightredB

baliR'

oy

L Lt
rightredB

L hi L
rightredB

balil’

A

L b 4
rightredB

Kl 6 LLRB i A\EAEN B P
Wk 6 Fior, A T HNEAE R B P AR R, HoP insert’ x RRIENFT T ST FPIRE, ¢ TR FI AL
#T iR LLRB W30 NBAE FZ AL B E ins T 6 Frox i 3 Fh B PR 0L, B2 pre_invl 1 pre_inve 5355 8
SEBIE A B P R #E R B balil AN baliR', R 45 T PRV M5 5 s 5 rightredB 1€ L.

locale /lrb_insert

TR AT AT 1

fun rightredB :: “'a llrb = 'a = 'a llrb = 'a lirb ” where
“Vight}’edB t] a (R t2 b t}) = (B (R t] a t2) b t})” \
“rightredB Leafa (Rt, b t,)=B (R Leafat;) b t,” |

“rightredBt,at,=Bt at,”

fun baliL": “'a llrb = 'a llrb = 'a = 'a llrb = 'a llrb” where

“balil’ (R tl a (R tz b t3)) _C t4 =R (B tl a tz) b (rlghtredB t3 C t4)” |
“baliL’'(R(Rtyat)bt;) cty=R(Bt aty) b (rightredB t; c t;)” |

“baliL't, _at,=rightredBt, at,”

fun baliR':: “'a llrb = 'a = 'a llrb = 'a llrb = 'a llrb” where
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“baliR'tya (Rt b(Rtzcty)=R (rightredB t; at,) b (B tzcty)” |
“baliR'tya _ (R(Rtybty)cty)=R (Bt at) b (rightredB t; c ty)” |
“baliR't, a _t,=rightredB t, a t,”
/XK Urb_op W32 pre_invi F1 pre_invr 53 B SZBIE A balil'F baliR'
interpretation //rb_op balil’ baliR'

BRIHL baliR'A balil 7] G FEPIANZESL AL A (A5 190, F38 3 1 FH BB rightred B CRAE BT 761 2 3 AR 21 B % 5
(O JE Atk 1 [ B g e 41 €0 SR A W A 1 000 (RIS, balil "R baliR ' 53l B ~FH 1), ORI G Z 11, AR 5 2 %
JE LLRB [MPEB . EE S8 balil %ot 76 FA% AT PRSI, A5 30 B4 AR 5 3039 /2 LLRB M), B4 2 R HEHR A
S5 A5 2 0 2 LLRB Y5 B8 7. JE SR 20 0 I B R AR AE SRl e T B, niE] 6(c) P, BRI A 10 TG 7 EAT
ZARHERAE, B baliL' R ¥.30 P baliRM 2 [ B (K, 383 balil N baliR V) 5430 1 1 VR HE, WA CRAR (1)1l
AR
BAVET locale 45 7 LLRB W4 SLI, 75 28 0 IERVERIE T, 2 7 77 3R IR BAHEAE locale HHHEAT,
T2 7E X IO E LT 52 M1 ins BREL (LIGIEJHIZA proof insert.thy). & 2247 REIRIE ins IO IEAHME, BIRIR X K
W dns R AR, RIS BL25 H SR E ins' BN ins WSS IR, Q081 7 Fs.
lemma locins_eq_ins:"ins' x t = ins x t"
apply(induct t)
apply simp
apply(case tac "x2")
apply(case tac "b")

apply (simp only: ins'.simps ins.simps)
by (metis ins'.simps(2) ins.simps(2) balilL' eq balilL baliR' eq baliR)

7 R ins'F ins BIZEAIER

LR AR I, AR AT R AL RIS B, O T AR LLRB M 3, BRI ins IEBEBEAT LR (paint
Black) #1E.

definition insert :: “'a = 'a llrb = 'a llrb” where

“insert x t = paint Black (ins x t)”

Z b, BERRT LLRB 38 A3 1E ik sz .

(2) Mk

LLRB FIMI R4 R84 b S bRk — SR 2 B R 77 SORBUA R & % B RAEHE S B oL, o T2, B
Fi m] 75 R AT b T IR0, 72 FHRMIR AL B I FE h, kAT B TN T I a2k, AR E T AU, AT IR
B, FEIZJZE 1) b3 AN R M (9799 B I Sl AR AT TR . BRI o AR G ) 8 P,

K8 LLRB B HJER 88 PRI R
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LLRB ¥ B T4 R 2 1 F2 0 48 R BIMIBR Y 5, TN A 3 rh 4 a5/ 9 76 25 8 46 20455 MM BR 15 s oz
B, T2 ) E XA R P S ECE T S HEAT BT Rl D AR I B SR AR S TR, BT T i
BEAT BRI, FRBNEFF M B 2 0AT pre_invsplit BRAEL, S8 )5 BRI _EHAT pre_invi B pre_invr WREREL. BT 10X
LLRB AT MIBRHEAERS, HA MR B MIBR 1 AU AR L0 20 bheight A 2784k, T HABT 5K bheight B A1),
EPGE T BRI b B3R T A 2L

BT omp WL JFA -GS IH BRI ERE, MERERIET 208 3 PO RSO, JET AR08 2.3 53 = XA R
HLER ISR ERAE FIZ AL R EL, FTHYIE LLRB M BR IR 2 AL R EL del'.

fun del':: “'a = 'a llrb = 'a llrb” where
“del' x Leaf = Leaf™ |
“del' x (Node [ (a, ) r)= (case cmp x a of LT = pre_invl (del'x )l ar|
GT = pre_invrlar(del'xr)|
EQ = pre_invsplitlar)”

BN XK 1lrb_op BEATIRRE, del'™ P 132 1 pre_invi. pre_invre Rl pre_invsplit 53 9 SZBIALA pre_invi lirb.
pre_invr_llrb 1 pre_invsplit llrb.

locale llrb_delete
definition pre_invl llrb:: “'a llrb = 'a llrb ='a = 'a [[rb= 'a llrb” where
“pre_invl _llrb 'l a r = (if [ # Leaf /\ color | = Black then baldL I' a r
else rightredR I'a r)”
definition pre_invr_lirb:: “'a llrb = 'a ='a llrb = 'a llrb= "a lirb” where
“pre_invr_llrb l a r r'= (if r # Leaf /\ color r = Black then baldR [ a r'
elseR/lar')”
definition pre_invsplit llrb:: “'a llrb = 'a = 'a llrb= 'a llrb” where
“pre_invsplit llrblar= (if r = Leaf then [ else let (a', r') = split_min r in
if color r = Black then baldR [ a' v’ else rightredR l a'r')”
interpretation /lrb_op pre_invl _llrb pre_invr_llrb pre_invsplit llrb

O BREL pre_invi_Urb WIRTE TR SN, B2 4 ANSH, B IRARIER F—EFR OSid del %t
JEARE T, ZHL a K e 230 S SR B 2L TR R R TR 2 1 RO RO D R, BT
MR R IS5 2000 ') bheight L r 18] bheight /15 1, Ui 75 RIS 25 58 invh R inve, WH baldL 4T AL3E; AT, ikH
PAT MR IRAE ISR B0 1) bheight 5 r W bheight F15%, LIS R 3 % 5 inve BIW], A rightredR AT ALIE. 538
invh_del:[invh t; inve fl=invh (del x t)/\ (color t=Red — bheight (del x t)=bheight t)/\ (color =Black— bheight (del x
H=bheight t-1) CIEH FIRZE 8, 1 WWISTE A proof delete.thy; @ [RIFL, pre_invr_llrb ALELAT 1 i (¥ 5 0L
® pre_invsplit_llrb [ EARW L, ik & £ —BHA T Wb/ N T & HIRAE, T split_min AT A2,

T4 BB split_min. baldL 1 baldR ) EARSZINE S & HThRg.

m split_min

split_min (1 FIF2 R [BUR A0 B /MEL S 7 B doe ML ) 1P T2 JH R e

fun split_ min :: “'a llrb = 'a * 'a lIrb” where
“split_ min (Node [ (a, ) r) = (if [ = Leaf'then (a, r) else let (x, [') = split_min [ in
(x, if color | = Black then (baldL I' a r) else (rightredR I' a )))”

HAAREE: OY LLRB A 5 52 = AR, Bt DA A ME T SR AE 22 T . 24 split_min 3R BZT 5
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I, 3R 18] f5/ME x, HERE LB AR IR 1Y i ML, 2R H B doe/IMEL Y il AR e /IME T BB, ST DL R 3R AR5
I 0] RS A BRI O 259 BB, B BR K s R, T8 A M BR SA B ZE T 1, L bheight HLA T -
(11 bheight /N 1. % T4 LA a RS s, Fo e A7 WAL invh, T2 baldL 34T 4% (baldL 1)
2518 invh Al inve); @ #7NLLE, BERIMIBR T 2210 ROZLETS 5, W AT BEANHE AL inve, T BREL rightredR BEAT 1%

m baldL 1 baldR

£15%F LLRB MRRIAEAN 1 B P45 00, baldR R0 baldL %5 H T AR VLS T 223647 B P ATHRAE, WE 9 Bk,

E—— —— rightredR
8 8

Lo n W 72

—> balil ty —> baliR

4 )

Lo

I

ty

s A

—— rightredR A ;? ——> rightredR *\

4 t t, f 2]
(a) baldR (b) baldL

K9 LLRB MIERERAER B T 155
NG TIPS R HUR AR E L

: .
baliL tl
E— —> rightredR }@\
o &

Lk rightredB baliR

117~ R baldL 11%E X
fun baldL :: “'a llrb = 'a = 'a llrb = 'a lirb” where
“baldL (R t, aty) bty=rightredR (Bt,aty) bt;”|
“baldL t,a (Btybt;)=baliRt,a(Rt,b t3)” |
“baldL t; a (R (B t, b ;) c t;) = rightredR (rightredB t| a t,) b (baliR t; ¢ (paint Red t,))” |
“baldL t| a t, = rightredR t| a t,”
A VAR EL baldR FIE X
fun baldR :: “'a llrb = 'a = 'a llrb = 'a llrb” where
“baldRt,a (Rtybt;)=Rtia(Bty b t;)” |
“baldR (Bt at)) bty =baliL(Rtyat) bt;”|
“baldR (Rt;a (Bt, b t;)) cty =R (baliL (paint Red t)) at,) b (Bt cty)” |
“baldR t, a t, = rightredR t, a t,”

baldR HIEAREERUNT, 4 Pl SRS A7 005 X6t .
1) # UCEC A5 T3 FOAR T s A, ) B L e B R T

2) #5 ULPC AT BOAR T o 3, ELZE T AT RO 2R, WIHE A2 740 AORR AT 2L, B m] e 2 th BB 4r

TR, FEPA balil K%
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3) FUCAC A T AR T s o 3, B T AR SUNAL, B2 T3 0 A2 £ 7 S 240, SRR AT B RS %, o
P 9(a), TS J5 B4 F- I AT B2 B S0 4Y s s o0, B A balil K.

4y HAIE B, FTRES B BBAT AL, 1 ) rightredR 34T R EE.

IR 4 FhE L AR R TR S B, A AT AR T SUEUECN B, R baldR VAR S 15 E A
bheight Yk 1 (BARTRIAAG R AT AU Y20 54, RS T HAT I BRIERAE 0T OB (9 bheight B/, 59406, T A5
JE R BIMIB bheight AT,

P15 R B baldL WIALFR A B bheight W/NFITE B, [FFE, 1K /0 740 e BBl AT 7 W Yo 2 R 4E R invh, (K AE
T YA o LA B AG ZL B I, WO B A rightredR SRAGEE, Ui 9(b).

AN —FE, FATEXEINE LT 5 del SN del AL (WIAERIA proof_delete.thy), FF45 H T B T2
UERA, G0k 10 BioR.

lemma locdel eq del:"del' x t = del x t"
apply(induct t)
apply simp
apply(case tac "x2")
apply (simp only: del'.simps del.simps)
by (simp add: pre invl llrb def pre invr 11lrb def pre invsplit 1l1lrb def)

10 BB del'FN del HIZEAIEIA
BT A TR, AR AT R AL A S L, 8 T ANBEIR LLRB W5 3, BR 4L del 3E BEREAT 4 B
(paint Black) £1E.

definition delete :: “'a = 'a llrb = 'a llrb” where
“delete x t = paint Black (del x t)”

2t B 52 O LLRB M B4 st B sz .
5 LLRB E;ERYIE ff 458 IE

LLRB F4 N R B3 B8 B0 560 30E 43 9 2% 1 P IR B RN T B IE WA PEIGAIE. T R B £ b PRI, 28 4 WA HH
BB SIS R IB I fun R definition S5 LI, 4 1EMETE Tsabelle 1 T [ ShA6 2 3R I0F; X T B 8K T A% IE
PEIGE, W X = N R REM A B, IEARE & bst N HGEMAZBE (inve 1 invh), ENTERFHAT
A G A R AE DA, MIMHIE B R 2T insert F1 delete WIZHRE LA 1. A5 3R 1 an [ { F SGIEAE B2 44 78 5| B, DA X% 51
AR E 2 AR AR.
51 EAKRFNTE bst BIEFAMELIEUE

FEARRAS R bst Fom — XAH R 5 P53 5 10 45 BBV THF (007 R, 3EF5 3.3 WM 1), 7TH
it insert BRAEYERF bst EH 1.

EIE 1. theorem bst_insert: “sorted(inorder t) = inorder(insert x t) = ins_list x (inorder t)”.

SEBE 1 R LLRB [ insert $0AT Al J& H 53 PI IO SR A2 OREFFERPETH PP (0. B 11 &5 i 7 IER e 2 1 AR 5C (K5

B SIS EA T2 1] AR .
insert_def _[ bst_baliR H bst_rightredB ]

AR R GIREE S
HA G PR

Hifth 5| H4E L bst_ paint ~[ bst_balil H bst_rightredB ]

B 11 insert #RAEYERF bst BII6AE 5] BAK I OC

If

© PEBEBPHIFST  hip:/www, jos. org. cn



5032 HAEFIR 2024 5 35 55 11 H

H 11 AT, E 1 BUEW) T2 1 bse_ins SRIEHL, HoE LANF.
5|32 1. lemma bst_ins: “sorted(inorder t) = inorder(ins x t) = ins_list x (inorder £).
G131 RN ins BT TS TP G 1 5 R 2 R R IETHT ). BT ins BB SEBUA A T P4 2R 3L baliL
A baliR, {RAFH B 51 B L, balance_fun W] LI AKX PIA e K, ARG SN 51 2L bst_baliR A1 bst_baliL. EAT]
RIS SA, LGB 2 bst_baliR ).
5|8 2. lemma bst_baliR: “inorder(baliR | a r) = inorder | @ a # inorder r”.
G138 2 FoR AT HO S 1 rh i T 5 R — B0, ANTTTYESF bse PR, X T-51 3 2 BUEW, baliR R BUEMR P
ANEEEELL AT RN RN, AR T rightredB 4L, Fo k- WI5HEN 51 2 3 bst_rightredB.
5|38 3. lemma bst_rightredB: “inorder(rightredB l a r) = inorder | @ a # inorder r”.
51 ¥ 3 KR rightredB PR EUIE AL FR LT (0 PR AT 15 0 I, 4EFE bt PEJR.
IR BIEETE Isabelle AUl 2 J5, 2 1 WIREIOAE, w2 1 & Isabelle H IE B IA G0 12 Frow.
lemma bst ins:
"sorted(inorder t) == inorder(ins x t) = ins_list x (inorder t)"
by(induction x t rule: ins.induct)

(auto simp: ins list simps bst balil bst baliR)

theorem bst insert:
"sorted(inorder t) = inorder(insert x t) = ins list x (inorder t)"
by(auto simp: insert def bst ins bst paint)

Bl 12 insert 3 /E4EHRF bst HIUEEH

[F3, FRATATLE Isabelle HIEBH delete HEAE LR bst P57 ) IERA T, BE.
5.2 ZHITITE inv BNIEMMISIE
(1) EEARA G invh [ IERE TR

Ty, Herdt invar t STHIALA 1k ¢, inv SEBEN invh, VIR insert BRVELERE invh HIEHE 2.

IR 2. theorem invh_insert: “llrb t = invh(insert x t)”.

SEFR 2 RN LLRB BT insert BBUS AT 2 AR invh. B 13 45 H TIE € 3 2 A4 Bh 51 22 DL K&
BT AR O .

wbsistkel, [ (Gusert.def beheight_balil

FA T HAE
Hop s F4E

invh_insert 1 | invh_ins

invh_ paint

—> bheight rightredB
beheight_baliR
invh_baliL bheight rightredB

—_—

invh_baliR invh_rightredB

B 13 insert BRAEYERT invh WIBGAIE 5] BRAK A < R

I
Al

1B 13 WTN, RE B 2 BEM] 2 51 B 4 invh_ins RIEMR, HE LATF.

5|38 4. lemma invh_ins: “invh t = invh(ins x t) /\ bheight(ins x t) = bheight t”.

513 4 FoR ins REPATANE A SR S AR invh. [FIBEAT ins #24EJ5, LLRB R G5 AR

XFF 5 2 4 FUERE, BT ins BB SEHLE IR balil A baliR REL. BT 3.4 THBI 5 #L4E 1),
balance_fun W5 RSB I PN REL, inv ¢ LA invh ¢, FARYEEE 4.1 390 invh ¢ 158 ST RIS B 51 31
invh_balil 1 invh_baliR, 74k, TS50 3458, T5UE ins BREAA 20008 R A B, k&4 B 51 3 bheight
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baliL. bheight_baliR 1 bheight_rightredB. LA 3L 5 invh_baliL F15| 3R 6 bheight_balil 3f5):
5|38 5. lemma invh_baliL: “[invh [; invh r; bheight | = bheight ¥] = invh(baliL [ a r)”.
5|38 6. lemma bheight _baliL: “bheight | = bheight r = bheight (baliL | a r) = Suc(bheight I)”.
GIH 5 FIR balil BEIAT TG AR S FEAAL & invh. 513 6 R TAER LLRB, & H /A A TR B A
e AR, ALt R EY balil AEFRZ )5, AZA KRR (s EL T 1.
IR 5| #ALE Tsabelle HHAHUIRIE A2 )5, 52 2 2 ATHAGAIE, 5EBE 2 1F Isabelle H HIEIREIA G F 14 BoR.
lemma invh _ins: "invh t = invh (ins x t) A bheight (ins x t) = bheight t"

by(induct x t rule: ins.induct)
(auto simp: invh baliL invh baliR bheight balil bheight baliR)

theorem invh _insert: "llrb t = invh (insert x t)"
by (auto simp: insert def invh_ins invh paint llrb_def)

Kl 14  insert BARYER: invh HAIEHH

FETE 3.4 WL Ts, TTHIE delete ¥AEYERF invh YEF 1 2 #E 3.

EIE 3. theorem invh_delete: “lirb t = invh(delete x 1)

SEH 3 FIR LLRB T delete B EUR 55 R S AL & invh, B 3 5EH 2 WIS IER L, 1&.

() AR inve [FIERHEIRAIE

LLRB B & inve R TEIA AHST TR BUR AR T, A REAEE AN BRI 61 R, A TR

FF inve ({2 HE 4 1 5.

I 4. theorem invc_insert: “llrb t = invc(insert x £)”.

SEHE 4 78 LLRB HHAT insert BB 5 2 inve. BT LLRB B 45 K /& 7 WU AR X BR 45 4, P-4 )5 1)
LLRB NREA AN TELE AL 675 i AR AE AL 61 A M I 0. D9 T VE B 8 28 4 1 IERAE, 3474 LLRB 1)
BUEAL & inve BEATIGM, B RVFAAAE ISR M 20 675 RUBAL Y s U B 0, AT 8 X T — R AT B
A inve2s inve3 inve red, FSRRINIEIR FIRES.

inve2 RN AN ELLLL BT

abbreviation invc2 :: “'a llrb = bool” where

“invc2 t = inve(paint Black t)”
//LLRB & RB HIEFRIRAS, inve3 78 RB B AL &
fun inve3 :: “'a llrb = bool” where
“invc3 Leaf = True” |
“invc3 (Node [ (a, ¢) r) = ((c = Red — color | = Black A color r=Black) A invcl A invcr)”
llinve_red T el B AT
fun inve_red :: “'a llrb = bool” where
“invc_red Leaf = True” |

“invc_red (Node [ (a, ¢) r) = (invc4 (Node [ (a, ¢) r) A invel A inver)”

R B 51 AL 1, inv ¢ SEBIN inve t, inv_weak ¢ SEBIMN LR — RFIFI S BE AT &, B3 inve2s
inve3 Flinve red, WIS 2 51 2 7-5] 2 9.

5|38 7. lemma inve2l: “inve t = inve .

5|38 8. lemma inve3l: “inve t = inve3 £

5|32 9. lemma inve_redl: “inve t = inve_red .
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SIEL 7-9 FRORA ¢ i RO inve, WLIR W 2 S5 EEAZ R inve_weak. 2T EIRGIHE, K 15 245
HH TR B E B 4 RH SR B 5] B DL R AT ) R RO R

inve_baliR1
NS L, » inve_rightredB
s, | (e — 1| color_rightredB

BT AR inve_baliL1

FHof 5] HAE
4| inve2_ins inve_balil2
inve2l inve_rightredB

inve3l
llrb_def -

B 15 insert BEAEUERF inve AL 5] BRI OS &

i

H1P 15 AT, 5 B 4 FROUE B 32 2 1 51 28 10 inve2_ins R5ER, o LINF.

5|2 10. lemma inve2_ins: “invet A invht A color t = Black = inve2 (ins x t)”.

5|2 10 278 LLRB #H7 ins BAE ), W R 3L MBI AR & inve2, IR ins BRE0R S5 IR B AR T SUAT R
REALE, T LB ANELE AL 4 s 5T 5138 10 BITERA, WIXHR Y S B e BT R 2, I FRAE B 513 11
invc_ins.

5138 11. lemma inve_ins: “inve t — inve_red (ins x t) A (color t = Black — inve (ins x 1))

512 11 R/~ LLRB #H47 ins HAERPFE DL B0 IR SO B, WHEAT ins BRAEJSREWE 2 inve; W
FRAT SORAL A, WIHEAT ins #2455 R8I L S IBE N & inve_red, IX R ins BRECN TR SO AR
DU A AT AT HRAE, HEandd AN — A5 s 0 HA — AL AR T A, MBS S8 AL ins HAE S I ET
BRI L.

XTSI H 11 FREM, RGBS BEEE 1,, inv_weak t $75> WSLBINZEAE inve A inve_red r+ inve ¥ Ainve_red |
Finve I A inve r, REBEANL T inve IR BE B 554010 3 FIEI, balance_fun 53 7 SEBIALA ins BREL N 5T
W baliL\ baliR A rightredB 4L, JyFI Witk F I BUE R BB BT W balance_fun 1B5, WG H )5 3
inve_baliR2+ inve_baliL2 F invc_rightredB, UL 5| B 12 inve_baliR2 H:

5|8 12. lemma inve_baliR2: “[invc I; inve_red ] = inve (baliR 1 a r)”.

513 12 FRoRA TWIUFEAL R inve_red, ReW P R 4L baliR 1B H.

746, T LLRB 25 MR ERYE, BATEMIE T —LE7E inve IE IR FE b R ZE 0 HoAh 5138 (LI 15). BEATE
T AR KA IE ). 138 5] FAE Isabelle "HHUIEN] 2 )5, 2 2 4 ATHUGIE, € B 4 4£ Isabelle HAJIIE W]
FIA K 16 .

lemma invc ins: "invc t — invc red (ins x t) A (color t = Black — invc (ins x t))"
apply(induct x t rule: ins.induct)
by(auto simp: invc_baliR1l invc_baliR2 invc3I invc_balill invc_balil2 invc_rightredB)

lemma invc2 ins:"invc t A invh t A color t = Black = inve2 (ins x t)"
by (simp add: invc2I invc ins)

theorem invc insert: "llrb t = invc (insert x t)"
by(simp add: 1lrb def insert def invc2 ins)

K 16 insert BEAF4ER: inve HIIER

EIE 5. theorem inve_delete: “llrb t = invc (delete x £)”.
SEFR 5 I8 LLRB $UT delete BREUGTII /2 inve. B 17 45 H T UEBEEE 5 A HUHEB) 51 38 LR EATT 2 1R Y
(IES
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inv_balilL

invh_paint

l inve_baldR H bheight_paint_Red

l inve_baldR1 inve2l

( inve2_baldr ) inve_balil

e .

HoAth 5] B4 l.nvc_ZaZILZ
mvce ba

inve_delete — inve2_rightredR

inve_del f1 -
inve_del f2 L inve_baldL1
inve_del f3

it

WS,
WMEEIEIE Ly | | delete.def

,_
—

llrb_def inv_baliR

L

inve2_rightredR

inve_del_fo

Ll inve baldl | —

bheight _paint Red

inve_rightredB
inve_rightredR

inve_baliR
Bl 17 delete BAEYEFF inve SRS BRABIC R

HH P 17 R, GE B S5 RE R 322 51 B inve_del K5EIK, HE T del BBURBIEJE LR R, & AT,

5|32 13. lemma inve_del: “[invh t; inve ] = (color t = Red — inve (del x £)) /\ (color t = Black — inve2 (del x 1))

F138 13 IR del A SHIRBEARZE inve, AR IRATLE T PRSI 25 R AR ST SOy AL o, gk
1T del Bl 5 FLBUE AL B AREIR, A% AR sy B, AT del #4E /5 R e RS/ IIBEA L& inve2,
T RN AE E P IR 2 AR Y A I e AL .

X512 13 BEB, del BREA R baldL baldR 1 split min PR, 2T inve Fl inve2 5EMZ IR R, 7]
#i& 5| B inve_baldR+ inve_baldL R inve_split_min, 513 inve_baldR R inve_baldL FIRIE 2 ZRBR, T HEIERNIS
H T 512 14 inve_baldR F15| B2 15 inve split_ min W EARE L.

5|32 14. lemma invc_baldR: “[invh [; invh r; bheight | = bheight r + 1; inve I; inve2 r] = inve2 (baldR L a r) N\
(color | = Black — invc (baldR [ a r))”.

5|8 15. lemma inve_split_min: “[split_min t = (x, t'); t # Leaf: invh t, inve t] = (color t = Red — invc t') /\ (color
t = Black — inve2 t')”.

FIEE 14 F1 15 SIS TR SO, 5515 13 284, 5546 1B A A8 BRI — SRR Bk I IS T, EAT
1E Isabelle H1VAYNIE B I 23 45 08, 15 S BREE M 8 P2 A SR VF 1. B3R 1E ¥ LLRB SR S 2 Bt
¥, {EL7E Isabelle 52 FRAIE A #5% AR 2L € (A 175 00t 75 SR IR A0 B, 102 5 S 20 56 0L 1 JE A1

BT _EIRSIE 1315 S50 5 #AN, £ E B 5 IR AR B AgE T e H A FL ST EE (W inve_del f1-
inve_del_fo), IR TR IRIZ EA T8, LR 51 B A KA O B) 51 BLAE Tsabelle A NUMGIER 2 )5, B 5 AT
ik, FEHE 5 1E Tsabelle #AIEIHREIAUIE 18 Pk

lemma invc del:
"[ invh t; invc t | = (color t = Red — invc (del x t)) A (color t = Black — invc2 (del x t))"
apply(induction x t rule: del.induct)
apply(auto simp: invc baldR invc2 baldR invc baldRl invc baldL
invc2 baldL invc baldLl invc2I invc2 rightredR
dest!: invc split min
dest: neq_LeafD
split!: prod.splits if splits)
by(auto simp: invc del f1 invc del f2 invc del f3 invc del f4 invc del f5 invc del f6)

theorem invc_delete: "llrb t = invc (delete x t)"
by(simp add: delete def invc del 1lrb def)

K 18  delete BAEHERF inve HIIIEHH
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Ak, TSRO LLRB AN BRAE 4E 5 S5HAAE inve o invh ¢ BOBEHAGIE D], LA GBI R o A e 2R
HRAEORIE T color t = Black, 14 LLRB i i 2 S5 AN AR IR “lirb t = (inve t /\ invh t /\ color t = Black)”, 7]
PLIERH insert £ delete $:AF RE4EF: LLRB HIFTE M AL &, W& 19 .

theorem llrb_insert: "llrb t = 1lrb (insert x t)"
by(metis [invc_insert invh_insert| llrb_def color_paint Black insert_def)

theorem llrb delete: "llrb t = 1lrb (delete x t)"
by(metis [invc_delete invh _delete| color_paint_Black delete def 1lrb_def)

19 insert M1 delete FAE4EFF LLRB 4544 /A28 & i 3 4 11E i

6 SKITEEER

SCHk (6] AU Dafny 7 5 560E 7 LLRB i AR ER 0%, GIE BT 7 AR S B8 20 28 1B VAN IR 1. AT A ISHIE
MR IS UERAS AR HAL RS B AT ST 3 /S5 T 5 3R [6] 54T ELAR.

(1) WAk T2

X TSR AR, ASCE X = SR R SRR AR R Sk I Dh RE IR 1L, $R 1 1 3% T AR R 1) Isabelle Kk
HEZE, JFeath 7 RIRCAN) 51 B, AT v il 51 BEIE AT 0 B L. DURRAIE LLRB 9%, 38 1 s iy 7 A SCHIE ) 5] 24
55 3CHR (6] AL R 35 2k b, HeE R B>, B0 AR B sk 1 ps.

®1 WUEFERIXT L

pagaalt SCHER6] AL
Hh 8] 7 5 2L (assert) 62 0
SEFRAL (requires+ensures) 158 84
function method insert'(x: int, t: LLRB): LLRB — theorem T),: sorted (inorder t) = inorder (delete x t)=del, x (inorder t)
uires|isLLRB(t) ﬁ“ o |

color(t) = Black =—> isLLRB(insert'(x.t)) N,
)] Proof: | by (auto simp: TiStUSiips. delete def bst_balance_functions bst_split others)
or(t) = Red ==> (weakLLRB(insert/(x,t)) && color(insert(x,t)) = Red) —_— I = . ] >
Height(insert'(x.t)) FEAT| A 11, A 1, CFRTeR B A 1 R B R EOSI B L, LA S EAR

tset(insert'(x,t)) ==
ight(t) 7 B i K B A2 A o [ T

) / W0 HE SRR S
J‘vj- *3”5 /T\ WU match mayFlipColors(t)
case Empty = /"/ BST(Node(Empty, Red, x, Empty));

(Empty, Red, x, Empty) theorem bst_insert:
"sorted(inorder t) — inorder(insert x t) = ins_list x (inorder t)"
by(auto simp: insert_def bst_ins bst_paint)ll

olor(t) == Black && t Node? && color(t.right) = Black

=> isLLRB(checkColors(Node(insert(x, 1), ¢, y, ))); ] Proofstate (/] Auto update | Update | Search:
/+#/psser]color(t) = Black && t Node? && color(tright) = Red theorem
== Red && color(1) = color(r) == Black; bst_insert:

Sorted_Less.sorted (Search Tree2.inorder 7t) —>

¢ ==Red && color(t) == Black Search Tree2.inorder (proof insert.insert ?x ?t) = ins list ?x (Search

(2) WUERIA R A AL

FEBGUE A (R B4k J7 THT, Dafny )52 B (requires+ensures) T2 253 1T i 5 (assert) iR, A LL4k& (N 1
FIAF7R). T Isabelle & ¥ (theorem+lemma) SCRFSEHAL )BT, AE I & SCHTISEAY . & 2 AHE I 0] A2 351 1 i3t
17978, A g T B A IR T . R S5 A SC LAEM K LLRB_SET.thy. proof_insert.thy ll proof delete.thy
X 3 NSO, AT DARIUAR B S R, Wi 20 FoR, proof_delete.thy 5 A\ T proof_insert.thy, proof_insert.thy
$ AT LLRB_SET.thy, Ifi LLRB_SET.thy X5 A\ 7T Isabelle 28 5 A O A . .thy SCHF.

(3) RGP AT AT AT I

SCHR [6] H Dafny 511 H R B URR T R BE N ELE AT IR B HESE, RN AT HAT. T Isabelle H i i1 AR E0RT B 3 %%
¥R BT IE 5 Haskell, OCaml 25, w383 TR N . 1l 21 Fias, 1€ Isabelle H 5 I BREL ins #5308
Haskell AJHUATFEFT.
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= LLRB_SET.thy (%USERPROFILE%\Desktop\LLRB_proof-master\)

# proof insert.thy (%USERPROFILE%\Desktop\LLRB_proof-master\) | & proof_delete.thy (%USERPROFILE%\Desktop\LLRB_proof-mastery)

theory [proof delete

Search Tree2

imports imports
Cmp LLRB SET proof_insert
Set_Specs © |begin [247 lines] begin [472 lines]

Sorted Less
L List Ins Del
@ |begin [9 lines]
7 [end

end g |end

K 20 LLRB 5L Isabelle T (K56 F I A He 1,

m Example.hs (isabelle-export:Draftproof_delete/code/example/)

{-# LANGUAGE EmptyDataDecls, RankNTypes, ScopedTypeVariables #-}

module Example(Linorder, Cmp_val, Color, Search_tree, ins) where {

import Prelude ((==), (/=), (<), (<=), (>=), (3), (+), (-), (*¥), (/), (**),
(>>=), (>>), (=<<), (&&), ([]), (), (*7), (.), ($), ($!), (++), ('), Eq,
error, id, return, not, fst, snd, map, filter, concat, concatMap, reverse,
zip, null, takeWhile, dropWhile, all, any, Integer, negate, abs, divMod,
String, Bool(True, False), Maybe(Nothing, Just));

import qualified Prelude;

class Ord a where {

less eq a a Bool;

less a a Bool;};
class (Ord a) Preorder a where {};
class (Preorder a) Order a where {};
class (Order a) Linorder a where {};

data Cmp_val = LT | EQ | GT;
data Color Red Black;
data Search_tree a Leaf | Node (Search_tree a) a (Search_tree a);
ins
forall a. (Eq a, Linorder a) a Search_tree (a, Color) Search_tree (a, Color);
ins x Leaf Node Leaf (x, Red) Leaf;
ins x (Nede 1 (a, Black) r) (case cmp x a of {
LT baliL (ins x 1) a r;
EQ Node 1 (a, Black) r;
GT baliR 1 a (ins x r); });
ins x (Nede 1 (a, Red) r) (case cmp x a of {
LT Node (ins x 1) (a, Red) r;
EQ Node 1 (a, Red) r;
GT Node 1 (a, Red) (ins x r);});}
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