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Abstract: Sparse triangular solver (SpTRSV) is a vital operation in preconditioners. In particular, in scientific computing program that
solves partial differential equation systems iteratively, structured SpTRSV is a common type of issue and often a performance bottleneck
that needs to be addressed by the scientific computing program. The commercial mathematical libraries tailored to the graphics processing
unit (GPU) platform, represented by CUSPARSE, parallelize SpTRSV operations by level-scheduling methods. However, this method is
weakened by time-consuming preprocessing and serious GPU thread idle when it is employed to deal with structured SpTRSV issues. This

study proposes a parallel algorithm tailored to structured SpTRSV issues. The proposed algorithm leverages the special non-zero element
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distribution pattern of structured SpTRSV issues during task allocation to skip the preprocessing and analysis of the non-zero element
structure of the input issue. Furthermore, the element-wise operation strategy used in the existing level-scheduling methods is modified. As
a result, the problem of GPU thread idle is effectively alleviated, and the memory access latency of some non-zero elements in the matrix
is concealed. This study also adopts a state variable compression technique according to the task allocation characteristics of the proposed
algorithm, significantly improving the cache hit rate of the algorithm in state variable operations. Additionally, several hardware features of
the GPU, including predicated execution, are investigated to comprehensively optimize algorithm implementation. The proposed algorithm
is tested on NVIDIA V100 GPU, achieving an average 2.71x acceleration over CUSPARSE and a peak effective memory-access
bandwidth of 225.2 GB/s. The modified element-wise operation strategy, combined with a series of other optimization measures for GPU
hardware, attains a prominent optimization effect by yielding a nearly 115% increase in the effective memory-access bandwidth of the
proposed algorithm.

Key words: sparse triangular solver (SpTRSV); stencil computation; structured grid; GPU; heterogeneous parallel computing
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LR RN 4 R P AEE R A IR N 3R B (acquiring)™ 8 PO, 246 R () A A7 BUER A BE A WL BX 31 i 4y GPU &y
17 F AR I A 5 i sl 7. B SR SCR S A al s AR B BB B A, 3% 5 K %31 I GPU 4k
FLHTIE L1 BGeA7 0.

TEFI AL AR AN, GPU LR FRAE BAL IS B A I A BEAT — 2 A 4L 98 4. M- BEE 450y B AT BE S B4l N £
FEBEE 2 AR H br i, S8R R & B (warp divergence), BRAKSEA 7K 22 (AT 208 PO GPU 42849 15 7] 44,
1T (predication) ZhfE il S5 SEELAE 20 S HA TR, & T T U0 A B 5 20 53 40 1) 4 1 A A1 3 1A s B3 B
1.3 RAZRTRLEREN S B BE G A

A3 S R vk POV — 2K L TAT ) JCFR ] (directed acyclic graph, DAG) #4hHEF #:4E (193647 SpTRSV Hi%. i%
T el T DAG #3877 FE 4155 2 ) B £ MO oc &R, i 4 0 HE P R VR TR IR AR BB 0 O R AR A, e
1150 BE % GPU LR FEATALEE. 1Hi 17 GPU 4R R PE, BUABFFT U O 43 J2 U BE SE00EAT T A4k, 78 L3R
I T B ICR AN, L4 R4 GPU MIAFZRE 2 i AT HE (Fk 1.

BE 1. RHE G2 A TSR ) 53 2 8 B S0k

Level-scheduling (Ai[-]1,Aj[-1,A[-1,b[],x[-])
1 Generate levels S; € {S} by topological sorting.

2 P[] < O> Clear the state variable.

3 foreach level S; €S do

4  parallel-foreach equation s;; € S; do > at warp level.

5 o, < 0> partial sum for each warp thread ¢.

6 parallel-foreach off-diagonal Aj[e;] of s;; do > at warp thread level.

7 wait for dependencies x[Aj[e;].>> spinning while-loop on P[Aj[e:]].
8 o, — o +Aalel] - x[Ajled]

9 end

10 «x [s,- j] — DIAG[S[ j]71 -(b [s,- J-] — WARP-REDUCTION [0',]) .> solve equation s;; after reducing o;.
11 P[s,-j] « 1.> update the state variable.

12 end

13 end

2 ETHRFTRLIBRIEAFITENL SpPTRSY BE

21 ETHEMEBNESINHR
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T Q). 1= [£(0,,2),g(X,y,2)) W IFAE ALK& IR ERAT BB 3R A SO AT R 5 L T X W) ] Y 1R 4%
A AR, MR T AESS Q) AU 2 BARKR, 15 TAESF Q- N8 Z IMESFBASI 0 (2) = { Qo Qs -, Qe -
ATCAZAT5BAI Q) (K 2 B ARKR G Py, BRI 2% BASI G B S R AR BE . AEAT 55 BAA1 Q) A8, 2R Lhshas i
BEMIE S, BB 3R ICE AL BR(K) 14T 55y Bl A BRI 18 17 A 55 FLAT S8 IR R B A S 4. AR STV AT S 1k
SpTRSV Sk % 2 fiow, Herh D ARERFE M BAMESS ASI 73 BT GPU LR AR

B/IE 2. ASGR M IFT 45 1L SpTRSV $132%.

Para-Structured-SpTRSV (Ai[-]1,Aj[-],A[-],b[].x[-]1.X,Y,Z)

1 P’'[-] « —1>clear the state variable.
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2z«0
3 while |z/D| < Z do
4 parallel-foreach task Q,. € Q(z) do> at warp level.

5 foreach equation s € Q. do

6 wait for dependencies x[Aj[e(]]> spinning while-loop testing P[ S Ajled. f-(A j[ek])] > fe(Ajled]).
7 solve equation s.>> with multistage element-based strategy (Section 2.2).

8 P’ [ 509, [ (s)] « s.> for cache footprint reduction (Section 2.3).

9 end

10 end

Il zez+1
12 end
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GCC 75
NVCC 10.1
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Ak P LA KU ] AT 55 SR A T B, /N RIS 1 A X PR R 2R AT PR 6T KRR 454k SpTRSV I, % 2
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