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Abstract: To deal with numerical features, a neighborhood rough set model is proposed based on the definitions
of & neighborhood and neighborhood relations in metric spaces. Each object in the universe is assigned with a
neighborhood subset, called neighborhood granule. The family of neighborhood granules forms a concept system to
approximate an arbitrary subset in the universe with two unions of neighborhood granules: lower approximation and
upper approximation. Thereby, the concepts of neighborhood information systems and neighborhood decision tables
are introduced. The properties of the model are discussed. Furthermore, the dependency function is used to evaluate
the significance of numerical attributes and a forward greedy numerical attribute reduction algorithm is constructed.
Experimental results with UCI data sets show that the neighborhood model can select a few attributes but keep,
even improve classification power.

Key words: numerical feature; granular computing; neighborhood relation; rough set; variable precision; attribute

reduction; feature selection
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P FORTARSRAA A LA 8 T 0 BAE B M 29 ) 641

G NN BT AURIE X M 3K A ARSI NSRS R B I R, 2 ) 45 2 0 A RUR AL AR
MR R o BT BEAR . B2 AAE T, D AT 21 1) 82 A S AL, N T A R vk A L s 7 S ik
PEAL oM R P, 5y A BTt I%E )

AELRE A Dy — AT 25K L v SR Y, Pawvlak HE A 5 52 SCAE 28 g (K S5 4 50 R M A5 4 Sty B & 15 AR LA
SCRIAR A 0 F USRI A AR I BOE R R A RE L AL B AR Bl PRy RMIEAT TR N 5, A (i
RUAR B TC AR ANTE, Un v ) 2R G RE 20 BT R 8 6 DR A B D00 5 2 BT, o o Ak O R S R e, AT R Bl 20 M e
PS5 O AR T g R AT h IR . I A SO R R G W s B LN ARSI
Tl B S L 3% 27 2 T 15K A0 BEAZ A B0 I S PR 88 O BV (e R g e 1 0 45 5 AR i ) Bk — B R
LSRG A SR T A R IO VSR T I 45 AR AR KR e B I R O TR X — T L AT I
T RSB RLRS SRS T4 AR B 5 5 RS A S T VR &80 G 2R AR AN ] 16 A5 28 AN [ (L A 3 0 AL, 4
JE R VS I e w1,

R E TSR AN S B Hh I — T A8 ) 10 B oK PR R o S AR T A I A B S AR AR 2 BT ) 3
SOTEA B N L G E R A DR 3T BLas 7 2 0 0 M0 i 22 U5 iR AR SUAR H AR SRR A RORL 5 o
RS EA R Zadeh IO S0 AR XSS SCHR Y, 25 1 T A A4 BERFFORLIE TSR A TR 5T
(B AHE SR, iy T 70 A5 B A R AL 2 v N SRT 3R A5 015 B S AR BO0 s U O AT S 5 4 i m) B P A
AR5 JEORE A BT T S e L 0 AU 4R 3 S5 53 R B4 S B P A A S R R v A Sl £ 4 A
PUR DL gl o 75 50 00 T 2R BT S IS — Pt (3R AT 1 BN AT S | TR AN T RE AR R A
AR A R TR I P AV PRI N 3 43 7R JBE 1A 427 25 S i S i Ay Y0 B T L ) 5 3 80,
T 2 i) TR, R 34 A 0 T LA B A — T SR S A R

Lin T 1988 44 th 1 AR A PO AL 23 A2 A5 Y T A3 Jod = ) e F) I8 AL A 18 8, g &0 S B AE Ay B A
R PR 235 1) v (1) 2L A A 52 Yaol®H-§ 1998 4F LA K WulPF- 2002 4E 43 I 5¢ T 1-step 4B 10H1 k-step
ARIAF B AR GE R AR 2 B HE— 25 70 W A ()R P 52 S PR ABE 7R S04 B S T £ 4 2

AR UL A — Pl BEAS RORE LV SRR AR AR S8 F B AT 19 1AL 08 1) T AL A SCRE 28 84 23 A 2 i 4
b 2 T H BR T AT PO AR 2, A e 3 T &I SR I S8 5 20 1) B30 B A B P S0 %R B 5 1 B, BE 8
T Ak PR KSR Y Ja 1P T A 2000 JEEAT B A AL BRI 0, b5 8 ORTRE B T VAR BE i T 1R & T B R R
55 k-step AR SRAR AR B, JC2RUHE SRR AR 2 i) Hh R AR AR SCR T UCH [ B tE B 2 ik 1120594 A Rtk
S RT3 2 B A IR TR B S8 2, T LLRAS A+ o BUAR K RIOR, R ST RENS 1 BEAR D IR AIE, 20 3RAS 5 R 46
RS 21 0 3 2RO 5 O 3 VRSO 15 AR VT L, 0 AR O V8 73 P 1 R B
BRI 73 SORE FRET7 T AT R A 5 A% A B W DL e 7y 501 Y i, DT 4 o 0 S RELREE 2 B 48 ) 2 Y

1 HEZTE/RRLSER

LA T T A R RS A B FIORE v 5 (1) S A 1) 8. Pawlak REDRS SR 485 20 4 ST 7 S B TR 2 M KR 2
b BN I FONS R I R oy T B T 3 T R ARG AR TR T S 0 ) T X G P ECME o T A I X T R
V], SR FH 8 2% 284 5 OGS D0l S50 TR P 4D e 005 48 4l 228 ) R0 45 ) i 5 502 T P B B2 45 ) AR SR A e o7
RISEEL Y ANNE S P ol
1.1 EFPEagRifl

A W s S R A P T B G I B T R M k-3 AT TV ) — R R ARE A R —
i AR AR A B KRR B AT 0 AR SCR B EE 2 Bk

EX L YA N YIS0 7 QA RRN R AR ASE RN F 10— A i, i Al A :

(1) A(x1,x2)20,40x1,%)=0,>4 HAY Y x,=x,, Vxy,x,€RY;

(2) Alxr.x2)=A(xz.x1), Va1, x.€RY;

(3) A(x1,x3)<A(x1,x0) + Axo,x3), VX1 X2, 36 R,
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BATIRCQ,AY A 5 225 1)K PG B 8 2 s 3 s o) s I =
EX 2. =B LR A RES U={xxo... x0T U _LRHEENN % x, 8 X S48 N
Nx)={xlxe U, A(x,x;)< %},

FLrh, 620. 80, PR Ay B x; A2 IR SER IR JRORE T, TR R x, R ABSSIORE 7t — 4 S BRI = 5 T 1 Ye 8. 2 udk
A FTC TS AL AR W B 1 PR, 40 ) ok 32 T8 [ T FIE 77 T X 3.
R 40 o P P O FRATI A
(1) x2S, AR x;ie Axy);
/ \ (2)  xjedx)=xie dxy);
- > @ (Jse)=U.
i=1
\ 12 IR0, AR 480k T L 80x)|i=1,2, ..., n AR T U [ — /N 5.
s R4l A5 BB F RS ISR U B —ANABEOCR N,
ZKR R B — N RBEHFER KR MWO)=(r) e 26, 20 R

Fig.l Neighborhood granules in 2-D spaces %€ O M ry=Li M, ry= 0,60 A HOC A N 2T

L2 4 A (L) =L
(2) ry=rji.
MR, M EEAERES U={xx... 03 AR 66, A
(1) Vx,e U:dx) = o(x);
(2) NicN,.

VeI T 0 G IR AR I BT V8 3B R A, AR SEORE I R BT T 38 A ] AR () S A A R 4L L IR LA
M A&, FAT T ] DAIE 3 2% [R) v A i i
12 4BigrHEEEIR

ENX 3. e LIRS ERES U={xix... x, 0 U LRSS & N IR 704 NAS=(U,N)
AR AT AR = ).

EX 4. 455E NAS=(U,NYFI XU, X 74838 A 2% 0] NAS=(U,NYI) T a5 34 530 e LR

NX ={x,|0(x;)c X,x, €U},
NX ={x,|6(x,)Nn X #D,x, eU}.
VXeU, NX 2 X o NX I X X Il i
BN(X)=NX-NX.

NX BFRA X AEUT LA 0] NAS=(UNYH IR IR B, e 2 e s 4 X BT 58 40 3 I AR A5 JBORLF 1 5 K 48 4
i, NX O RENE e AL X ARIRAE BURE T IS IF AR S Y X S T SE AR R T AR R X KA,
NEG(X)=U-NX ={x,|5(x,)n X =} .

F T I P A R AN T 3 S b 2 7 E — S R DL (s SCER AR BB T LA R M X BT, B
LT X TR ANATAE W 7R A B8 D7 R e, T DL BORA o T A, B AN A FLF R SR T s SRR R AL RO
N

EX 5. W ABEWNESEXL AWET BWFERE 1(4,B)Hh
Card(AN B)

1(4.8) = Card(4)

, A,B=J.

Y A=@IN F € 1(4,B)=0.3A1 14 0<I(4,B)<1.
TEX 6. 58 B REIE k- T IR B35 50k
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N*X ={x, | 1(8(x,),X) > k,x, U},
NEX ={x, | 1(5(x,), X) 21—k, x, e U}.

Hr1,k20.5.
1.3 SBERKRG

X TAR 2 AR o) B, 45 58 IO REAS B — R A EUE B AR R FE AR 43 LD B0 JUAS .43 982 ) f
NIEHF: PR A B R 27 2] — AN BR B, S TMNARA AT 22 1) 381 e 2 170 W it b 258 [) W] DA 2 1 TR 5

EX T GHEFAES U={xix,,...x. A4 EFE U RSB IEE S D SR VE Wk 4 A2 i 3l b
—TRARIE K 2 UFK NDT=(U,A,D)H— AR o 3 R 4.

285K W, U={x1,x2,x3,x0,x5},a & U BI— @ fx,a) RRFEAR x fEETE a LI Ax,a)=1.1/(x2,a)=1.2,
fx3,a)=1.6 f(x4,a)=1.8 flxs,a)=1.9. 24 ¥5 @ AR I/ K 0.2 I, B T flen,a)—x0,a)|<0.2, 0 xo€ 8(x1),x1€ Oxp). Z3ALL Ml
A5 80c) = Lo w2}, Soa) ={x1.x2}, xa)={xa,xa}, Sxa) ={xs, x4, 05}, Sovs) ={oxa,xs}. W A7 AE 2 A J 1, FATT Lt AT o
K o Nl || i B TiTR o X S NS

EX 8. %€ — MBI KRG NDT=(U,4,D),D ¥ UL 73 Ky N DEEN KXy, Xo, ... Xy, VBCA, E RH D K
T B TR Al h

N
N,D=|JN,X,,
R
R N____
NyD=|JN,X,
i=1
HH, NpX ={x;|65(x;) = X,x, €U},

NyX ={x,|8,(x,)n X #D,x, eU}.
Op(x) A2t R P B FH S 1 A2 I AR 847 R T
PSR i 5t X oh
BN(D)=N,D-N,D.

2 ST A YRR I R P 2 ] R, DA bR PR AR R B 1 AR LA BRI R B 2 R A TR
MG HFEAR xq (T ARk 9 IO RE AR B T2 1 28, DRtk xy J8 T 58 1 2800 Rl 1O AR P BEAR SR B 28 2
I8, D g S T30 2 2800 R AL RE A xp (AR BEAT 58 1 R IOFEA ABAT 5 2 S IREA, Rt xS PR A T
ATATCAAG 31X 5 7 205 BRI 43 28 il 1 B A R — B 1 3 45t T 40 SIURDRE SE AR AR (¥ L Ao f %, 1K

. Positive
| —1—

Boundary

~~—

Negative
\

Nl | | OX

Fig.2 Neighborhood rough sets in real spaces Fig.3 Classical rough sets in discrete spaces
Bl 2 S ) i) AR IR A 4 B3 B IR ) 20 UM R R
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PSR D I N AR A YRR IE I, iC A POSR(D). IE I /N S W T 43 28 [n] JLAT 45 5 Jei 1 2% 1) o 0 7 43 2
TR T I K, 2 1 5 S 1) T 28 DX 3l U 30 /D A mT AR 40 b s 4k R, S RS 40 e 4153 b 2 248 1 80 IR b,
SRR B D XA EYE B RIS R

y5(D)=Card(NyD)/Card(U) .

LK B=,D.0<yp(D)<1, % n T REARSES AR S FJE Mk B 1A IR, 5 48 B % s — v S 52 A 5 IO RE AR T oy
ARFEAR M LA BAR, IEHGEOK, 35 D X 454 B A1 Bk 5.

EH 1 4G B RG(UAD),BcAH

POS5(D)NBN(D)=2;POS5(D)UBN(D)=U.

IO AR SR B HE AR Y Dy,Dy,... Dy IR kel AT DinD =B AN EVE, WA AN FEA

xi€ U WA 80x) <Dy W (x) D=2 (l#k) AT x, € Ny D, x, & N, D, . L] 1 AR R AR, R R T —

S IE B e — 5 R 2 B AT — s M3k T 0T 1 11, POSH(D)BNs(D)=2. th T | JD, =U S5 A e Ui
i=1
SRAFAE D, M3 ) DD Bt x, € NyD, I x, € N, D, 8% x;€ BNy(D)). O
TEH 2. 4558 FL R ARIARIR AN IAEL 5, R BicBy, H x, € POS,, (D) W x, € POS,, (D) J3r.

AR — B, BB K x; € BuD, ILh D ROR RS  j MIFFASE /I S5y (x,) < D, BT [FIFF (¥ 47 450
B{E SF L A TRATTAT 85, (x;) < 5, (x,) I, 6, (%) 3, (x) =D, MM x; € POS, (D) . O

EH 3. yp(D) 2 I, WR BicBoc...cC My (D) <y, (D) <...<y(D).

IEHE TR 2 WA, Vx, € POS, (D) WA x, € POS, (D) ,....x;e POSc(D). [l I, /] REAFAE x;e UE13
x; € BN (D) fH x; € POS, (D) ... x;e POSc(D). AL I 15

POS, (D)< POS,, (D)<...< POS.(D) .

1T y5(D)=Card(POS(D))I Card(U), A4y, (D) <y, (D) <...<y (D). O

REX 9. 4y A AE B RGUUA,D),Bcd Y ae BN R yp o(D)<yp(D), BAIFE a HIXST B T A& AT > [,
150, 15_o(D)= (D), TATFR a &2 . W H VY aeB #IE AT A 1E FRATTHR B ST ).

W (D)= (D), M W N FR G0 T 2t J M @, 3 40 I 1 38 05 A7 AR oA DRt 25 2 1R AT DX 0 PE AN AR G I
JE M a B 4 oy A SRAT A DTk, DR U @ A 22 % 1) AH B b, 1 RS a, 28 Ze i P 3 38 A8 /N T, DR B 82K 1
A] DA 7 T a AN BRI B

TEX 10. 455 SBIR UK RGE(U,A, D), A TFE BeA J& A [1—AZ10, Wik B A

(1) VaeB, y_o(D)<ys(D);

(2) 73(D)=y4(D).

e SR 2R A (1) ZESRAE — AN LU Th ANAEAE 2 R 0 8 1k ST 14 e 1 8 12 2 Db AN W] 2 1) 4 A1 (2) ZE SR 24 i
AREBRAR RGN X 4 ), 29 TR NV 1% 15 R Ge T A 4 1R 8 1k B A AR TR 1) o e ) 31X — e U 48 R R AR B 7Y

FC ) 0 RGO 5 T 8 AN R B R T 3 6

EX 11, 4 AR K R G(U,4,D),By,...,Bj, ..., Bk%Jﬁt%%ﬁﬁé%ﬂé’aﬁﬁ,m%xCorez(k]B,.%J‘/J%ﬁ%/%éﬁ
¥4 "
2 ETFBEAER A E R O EER T AE

RILPSRR G AT A T, Z A 2Y-1 AR5, DA I e TR 15 2 0 K 4 1, 3L N 241 IR
PRI R O TS A R EAANE IR FCR SN 5 VT SRR AN R I ASOR T RO B
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B 3 — TR ) 50 20 ] S
ARAE BR 8 SCT 4% S MR 43 S IR TR, BRLE, T DAAE Oh Ja 1 4R 5 TE S I PPAN R .
EX 12, 4758 NI R G NDT=(U,4,D),BcA, Y ac A-B,5E 3L a HIXT B INTE LNy
SIG(a,B,D)=yz,4(D)~15(D).
JE VR L SR PEAS S | PR [ SR 1 A DL B PR AR e = R — A R R
BE T 1 T R HR AR, AT T LS D0 2 1k 24 ] SRR AR SR DA AR DR A R IR SR A T T A e 1
JeB P S A o R P S L K e I N A TR AR G o, BB AT T R e Tk R T R O, B AT AT
TR JE 1, 2 8 A0S R 508 AN T 5 A2 7 A DAy o T T 48 o B0 1 408 il O RS2 ) Pk Sl 4 I N B 2 b A
AN 2R B L IR R A 5 1) 48 28 SR 0 A DAL UE 3K A 45 8, IR R 3 T B JU AR R IR 11 R 3K AR e o, R 2
(1 PR B R — 8 2 AR EEA RGN IX 43 B8 ) BRI, R Ge i T BeOR T T K= X4 AR 55 A4k
H A FEARMIR B DR R S 40 K08k 1K 23 % 6 77 (R R AE, 110 A S /b it DX B8 D0 AR B IR ARF AU B T 405 ST s £ A 7Y
UEACIENEE ERARTR S RPR RL NN PR
BE 1 BT AR R AR TR (R B R A L 4
Input: NDT=(U,A,D);
Output: #fi red.
Step 1: VaeA: i AKX R N,;
Step 2: D—red,
Step 3: XL a;ed-red
W SIG(aj,red,D)=Yea0a(D)=Vred(D), 1AL TE S y(D)=0
Step 4: IEF ap, Hoim AL
SIG(a, ,red,D) = m:f:lX(SIG(ai,i‘ed, D))
Step 5: If SIG(ay,red,D)>0,
redua—red
go to Step 3

else
return red, end

3 Ko
N T I UEZIT VR A RE, AT UCH il de b Pkt 7 6 ZH 303, itk W& 1T BUR I, IX 6 7328 i) JU
S AT IR A A BUH Y .
Table 1 Data description
F 1 Bk

Data set Abbreviation  Samples  Numerical features  Classes
1 lonosphere lono 351 34 2
2 Sonar, Mines vs. Rocks Sonar 208 60 2
3 Small soybean Soy 47 35 4
4 Wisconsin diagnostic breast cancer WDBC 569 31 2
5 Wisconsin prognostic breast cancer WPBC 198 33 2
6 Wine recognition Wine 178 13 3

TAVHG LA S ik 2T FCM B Bk J5 3255 BRI {5 JE s 7 925 L4 7 0 R 0 2 e R 20 IR 13 22 1) )
ZEG.0 T LR BT BEARRAE 1 3 2K B8 00, BTSN IRAT I CART Hll RBF-SVM 43 2% 3] 503k, L) 10 4748 R TE
53 JERE FESRVPAN 1 AR AR 1 It 20 v VLRI N2 23 3 3 SRR 4R 2t Accuracy 1 T Accuracy2 43 5ill R n SR 46
REAIE 1) 7 R P55 R I 5 TRV RRAIE 7 SR 11 23 JSRG 1

FEVE S B AR A AR I T A B0 B P e AR v AL B0, 110X 18], LA sk 2D D] 4% e ok 4 A — S300 45 3 A S .
[l B, BT 1 0=0.125, R4 358 ¥ ELA% b 0.25. B J , 3Rl 43 JEB 7~ A0 358 K /N i v 24 1 4 L 1 S i

R 2 JEIR TR B U R 22 MR R 4 1 4 TR A 45 19 B I RRIE B i L 20 RS S AR B 1 LU 3R 3
oy HH T 2 SR RUASTRIA JELJ0 I 240 16 5010 J8 P PR AR i ORN 2 JOR 85 5% 4 N3R5 2 5L T A0 SR i AR 4SS 280 R ] AR
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JEE A0 R B AR 7R (1 T B 48 SR L b AR BLAR A 0.25. 78 T AR R FE (¥ T S Bl 5wy AR RS 3 ) 1 1, AR )i
S R A RGN I PR 5 A1k 4

Table 2 Number and accuracy of selected features based on FCM and classical rough sets
(dividing into 4 intervals for each attribute)

F2 LT FCM UL MURURE 4 45 7 (R RF A8 45 77 V4 08 6 R AE R A 23 SRS B2 (BT HICA 4 A X T1))
Feature CART RBF-SVM
Data N1 N2 Accuracy 1 Accuracy 2 Accuracy 1 Accuracy 2
lono 34 10 0.8755+0.0693  0.9089+0.0481 | 0.9379+0.0507  0.9348+0.0479
Sonar 60 6 0.7207+0.1394  0.6926+0.0863 | 0.8510+0.0948  0.7074+0.1004
Soy 35 2 0.9750+0.0791  1.0000+0.0000 | 0.9300£0.1135  1.0000+0.0000
Wdbc 31 8 0.9050+0.0455  0.9351+0.0339 | 0.9808+0.0225  0.9649+0.0183
Wpbc 33 7 0.6963+0.0826  0.6955+0.1018 | 0.7779+£0.0420  0.7837+0.0506
Wine 13 4 0.8986+0.0635  0.8972+0.0741 | 0.9889+0.0234  0.9486+0.0507
Average 34.33 6.17 0.8452 0.8549 0.9111 0.8899
Table 3 Feature selection based on fuzzy entropy
&3 FET OB SR AL L
Feature CART RBF-SVM
Data N1 N2 Accuracy 1 Accuracy 2 Accuracy 1 Accuracy 2

lono 34 13 0.8755+0.0693  0.9068+0.0564 | 0.9379+0.0507  0.9462+0.0365

Sonar 60 12 0.7207+0.1394  0.7160+0.0857 | 0.8510+0.0948  0.8271+0.0902

Soy 85 2 0.9750+0.0791  1.0000+0.0000 | 0.9300+0.1135  1.0000+0.0000

Wdbc 31 17 0.9050+0.0455  0.9193+0.0318 | 0.9808+0.0225 0.9702+0.0248

Wphbc 33 17 0.6963+0.0826  0.7103+0.1092 | 0.7779+0.0420  0.8087+0.0601

Wine 13 9 0.8986+0.0635  0.9097+0.0605 | 0.9889+0.0234  0.9833+0.0268

Average | 34.33 11.67 0.8452 0.8603 0.9111 0.9226

Table 4 Feature selection based on neighborhood model (attribute values in [0, 1] and neighborhood size is 0.25)

R4 L AR R SR AR (R AR (22

s bR EAL B [0, 1] X 1], AR5 5 1 4 0.25)

Feature CART RBF-SVM
Data N1 N2 Accuracy 1 Accuracy 2 Accuracy 1 Accuracy 2
lono 34 12 0.8755+0.0693 0.9063+0.0396 0.9379+0.0507 0.9293+0.0627
Sonar 60 7 0.7207+0.1394 0.7550+0.0683 0.8510+0.0948 0.8364+0.0837
Soy 35 2 0.9750+0.0791 1.0000+0.0000 0.9300+0.1135 1.0000+0.0000
Wdbc 31 21 0.9050+0.0455 0.9228+0.0361 0.9808+0.0225 0.9790+0.0161
Wpbc 33 11 0.6963+0.0826 0.6453+0.1292 0.7779+0.0420 0.7842+0.0769
Wine 13 6 0.8986+0.0635 0.9208+0.0481 0.9889+0.0234 0.9833+0.0268
Average 34.33 9.83 0.8452 0.8584 0.9111 0.9187

FRATTAT LA, X LA 532 0 B8 AT 288 o A AR5 A AT X 1 7, 88 B SR04 38 () e il B A /D (HL 2y

G PS8t A SR 0 77 v B AR A5 U ot 14 20 SN T AELOR P T 2B 20 TR R AL Pl A K T A SR M 4R AN 3R AT T e

Table 5 Feature number with the best classification accuracies

in variable precision neighborhood rough sets

Fe 5 NSRS AL B (14 4 SRS R I R AIE £
CART SVM
Data Features Accuracies Features Accuracies
lono 7 0.9236+0.0613 8 0.9400+0.0373
Sonar 7 0.7876+0.0752 7 0.8364+0.0837
Soy 2 1.0000+0.0000 2 1.0000+0.0000
Wdbc 7 0.9369+0.0340 21 0.9790+0.0160
Wpbc 1 0.7484+0.0862 10 0.8042+0.0711
wine 6 0.9438+0.0371 6 0.9833+0.0268
Average 5 0.8900 9 0.9238

=N

B =)

(K5 A K5 P52, T L £ B 3R At 2 s 2D (1.
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Fig.4 Number of selected features varying with the size of neighborhood §and the threshold &
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Fig.5 Accuracy of selected features varying with the size of neighborhood &and the threshold & (lono data)
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Fig.6 Accuracy of selected features varying with the size of neighborhood & and the threshold & (Sonar data)
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