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Abstract: A conjunctive normal form (CNF) formula F is minimal unsatisfiable if F is unsatisfiable and the
resulting formula removing any clause from F is satisfiable. (r,s)-CNF is a subclass of CNF in which each clause of
formula has exactly r distinct literals and every variable occurs at most s times. The corresponding satisfiable
problem (r,s)-SAT means that the instances are restricted in (r,s)-CNF. For positive integer r>3, there exists a
critical function f(r) such that all formulasin (r,f(r))-CNF are satisfiable, but (r,f(r)+1)-SAT is already NP-Complete.
It is open whether or not the function f is computable. One can only estimate some bounds of f(r) except for f(3)=3
and f(4)=4. In this paper, the applications of minimal unsatisfiable formulas are described for transformations
between CNF formulas. A new algorithm is presented to introduce less new variables in transformation from CNF to

3-CNF, which for clauses with length |(>3) only PE—‘ new variables are introduced. The principle and method for

transforming CNF to (r,s)-CNF and constructing unsatisfiable formulasin (r,s)-CNF are presented.
Key words: minimal unsatisfiable formula; SAT-problem; polynomially reduction; NP-completeness; construction of

formula
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, CNF (r,5)-CNF (r,s)-CNF
; ; NP- ;
: TP18 tA
(CNF) F=CiA...ACph (minimal unsatisfiable formula, MU
), F , Ci CNF(n,m) n
m CNF , m-n( ) MU , F MU ,
( d(F)) wo d(-)>0 , MU(K)={ FeMU|d(F)=k} .Kleine
Biining H. MU(L) MU(2) (22, MU(1) ,
1 MuU(D) )
) MU(1) . MUQQ)
[31 . : F, MU(1) H, H
F. , H F . MU(K) ,
[, MU(K) MU(1)
MU(1) MU(K)
(r,s)-CNF CNF r,
s.(r,s)-SAT (r,s)-CNF [4] ,C.Tovey 3-SAT
, (3,4)-SAT  NP- [4-7] (r,9)-SAT NP-
,(r,9)-SAT NP- (r,9)-CNF r,s>3,
(r,s)-CNF , (r,9)-SAT  NP- (r,r)-CNF “o
(r,9)-SAT r>3 .
f(r), (r,f(r))-CNF . (r,f(r)+1)-SAT NP- f(r)
() f(r)=max{s:(r,s)-CNFNUNSAT=Z} =max{ s.(r,s)-CNF~MU=} .
, r>3,f(r)>r. , f f(3)=3 f(4)=4.
r>5 , f(r)
, (r,s)-CNF , (r,9)-SAT NP- ; (r,s)-CNF
, f(r) [5-7] ,S. Hoory S. Szeider,P.Savicky J. Sgall
f(k) : (r,9)-CNF , s _
[71 ,S. Hoory  S. Szeider  f(r) fi(r)=max{s:(r,s)-CNFAMU(1)=} . Jf(r)<fy(r).S. Hoory S
Szeider MU(2) , ( ) . f1(3)~f1(9)
: fa(r) , f(r), f(r) fa(r).
,S. Hoory  S. Szeider , (1) (2 ,
1 , [7] r<9 fa(r)
. (r,s)-CNF [8]
CNF 3-CNF : , CNF
3-CNF ( ) , MU
. , CNF F 3-CNF , 3 C=(Lyv...vLy),
p-3 Yis-eYp-3, {(LavLovyn) (Lav=yivya), ... o(Lp-2v—Yp-av¥p-a)(Lp 1vLpv—yp-2) ™.
YYD (YpavYp-2) Yo d] MU(1) :
|
, H , ( 3 2
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CNF  (r,s)-CNF (r,)-CNF
NP-
1
C (C:L]_\/Lg...\/l_n), C (C:{ L1VL2...VLn}).
(CNF) ( )F (F=CiACoA...AC), F
(F={C.C,,....Ci}) (F=[C4,Cs,...,Ch). F F
, . X F ( ) & X( —X)
F . pos(x,F)  neg(x,F) x F , oces(x,F)=pos(x,F)+neg(x,F);
#var(F) #cl(F) F F Hel(F)—#var (F) F -
( ), d(F) CNF Fl F2, F1+F2 Fl/\Fz.
1. F=[C,,Cy,...,.C] . F (minimal unsatisfiable formula, MU
) F , Ci(1<i<n) .
( ) i,
MU k>1, MU(K)={FeMU|F k}.MU(K) MU (K)
F n X1,X0,...,Xn M C.GC,,...,.Ch CNF , nxm
Me=(a;;) F, : Xi G My =+, —X; Ci ;==
my 0 ). L F CNF , LvgF={LVf|feF}.
1. Fi,F> MU (1) ,wvar(Fi)nvar(F,)=J. X
F=xvy Fi+F,+—Xvy Fy+Fy MU(2). Ri+Ry=F;FiNnF, =0, F;=0(=12).

Fo=[fffinn ol Fo=000.0,. 95000490, wvar(Fonvar (F2)=9, B =[f,,..., f, ]
F2/1:[gl7"'1gt2](tl't2Zl) - X,F
foow fy fa o fy
X . X —X —X
9 - O, 9,u On,
F1,FoeMU(2) #var(F)=n—1  #var(Fo)=n-1, Avar(F)=n+n-1, cl(F)=ng+n,.  F
1.
F MU
F . h T F. (X)=0, Fy; (X)=1, F,.
F1,F,eMU(1) 3 F , heF,F—{h} :

1. h=xvfi(1<i<ty)  h=fi(t;+1<i<n,).

Fi MU(1) , F—{f} var(Fy) 7 F—{f}. F
MU@  F{ 9.9, } var (F») 5} Fo-{ 9.9, } var (F)u
var (F2)u{x} F-{h} r dX)=0,  yevar(Fy).dy)=n(y);  zevar(Fa),{2==(2).

2. h=xvg(I<i<ty)  h=g;(t;+1<i<n,).

1 a

, oces(y,Fp)<s( yevar(F1)),occs(z,F2)<s( zevar(Fy)), ti+<s, wevar(F),
occs(w,F)<s. , F {Ov A (v £ ) B £ (5XV 91 (XY G, ) B,00 O, (
ty,1:>1), Fo=[fien fy e fol B =10000, 0 9yt O, ] MU(2) var(Fy)nvar (Fp)=9,

k>1, F C k, Fe(k,ss)-CNFAMU(1). , fren fy s G100y,
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k-1 .
1 MU(1) .MU(2)
2( )2, n (n+1)
@ (+-)
2 B1
B, O
v
, b ( {0.4}), o+
©) B,
+ b,
o 2
. b ( {0.-}), =
4 B. B :
B, O
4
0 B,
by ( {0.4}), b, ( {0.-}),
112, F MU@) F
(L,%)- :
3. F=[(Lvf),(=Lv@ay),....(—=LvOm),Fres] , 'L £.01,--.0m iFrest
L,—L , F'=[(fvay),....(fvOm).Fres] F L (1,%)-
MUK (1%)- , (1,%)-
2. F=[(Lv),(=Lva),....(5LvOm) Fres] N .00 .Om Frest
L,—L JF=E[(Pvan), - (FvOm) Fredl  F L (1,%)- , F MUK <F
MU(k)
: F=[(xv),(=xv81),...,(—Xv0p),Fresl s Fres X, =X , F'=[(fvay),...,
(fv0p).Fres]-
=) FeMU(k) #var(F)=n, #cl(F)=n+k#var(F')=n-1, #cl(F)=n+k-1. Jd(F)=k.
F'eMU(K).
QL F . b v, v(F)=1. V(fvgy)=...=v(fvgp)=V(Fres)=1. Y
v, V(F)=1:
v(y), yevar(F)\{x
V'(y) =10, y=x v(f)=1.
1 y=x v(f)=0
,V(F)=1. F .
@F S, heF, F\{ h}
1.1 i(1<i<p),h=(fvg).
h=(fvg). F v B[, (=xva), - (—Xv D) Fres]
v v(F1)=1. V(XvH)=v(=xvgo)=...=v(=xv0p)=V(Fres)=1. V(X)=1, V(Q2)=...=V(Qp)=
V(Fres)=1; v(X)=0, Vv(f)=v(Feq)=1. , v(F'\{ h})=1.
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1.2. heF .
F , Fi=[(xvf),(=xv@1),....(=XvOp), Freg ] , Fres =Fres\{ N}
v, V(F1)=1. V(XvE)=v(=xvgr)=... =v(—=xvgp)=V( F g )=1. VX)=1,  V(g1)=...=V(gp)=V( F/ )=
1L v®=0, v(H=v(F.)=l ,  V(F\{h})=L
(=) F=[(fv@y).....(fGp) Fresl eMU(K), FeMU(K).
F : ; v, v(F)=1. V(X)=1,  V(g1)=...=V(9p)=V(Fres)=1;
v(X)=0, V(f)=v(Fes)=1. , Vv(F')=1.
F o heF,  F\{h} . 3
2.1 h=(xvf).
Frest v, V(Fres)=1. v v,
V(F{h})=1.
v(y) = {\éfy), ii\)f(ar(F)\{x} _
2.2. i(1<i<p),h=(—xvg).
) h=(-xvgy). F v FE[(fvga),. . (fvgp) Fresd
v, V(Fy)=1. ' % Vv, V' (F\{h})=1.
v(y), yevar(F)\{x
V'(y) =40, y=x v(f)=1.
1, y=x v(f)=0
2.3. heFeq.
F , Fa=[(fva1),...,(fvQp), Fleg ] , Frog =Fres\{ N} , v,
V(F3)=1. 22 v , v, v(F\{h})=1. . O
2
CNF F 3-CNF , , ;
C=(Lyv...vLyp) 3
1O p=l C-L.
Yi.Ya, (Lavyrvya),(Livyrv—ys),(Liv—yavya) (Liv—yiv—ys). , [(Y1vya),
(Y1v—y2),(—y1vy2) (—y1v—y2)] MU(2)
2 p=2 ,C=LyvL,.
Y1, [(LavLavyr),(Liviov—y)]. v Iyl MU(1)
(©)] p>3 ,C=(Lyv...vLp).
p-3 Yi,--¥p-3 [(Lavhavya) (Lav=yivya),. . (Lp-2v—Yp-av¥p-3).(Lp-1vLpv—Yp 3)].
, H=[y1,(=y1vY2), - (5Yp-av¥p-3),—Yp-al MU(1)
(Lav...vLp) p-2 ((Livly)Ls,... Lo o (LpavLp). CNF Fc=[(L1vLly),
Ls,....Lp-2,(Lp-1vLp)] ) Fc H ‘ "( )
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L, Loa
, Ly L, L., L,
Y1 + -
Y2 + -
: +
Yo-a -
Yo3 + -
|
’ ’ 5
p=2q, Fe =[Ly,....Lgl, q Yire- Yo MU(q) H=[(Y1vYo) (=Y1vY2),---,

(=Yq-1vYa) s (=YqVYq-1)s- - (Y2 Y1) (=Y1v =Ygl -
Yo-1)s---1(Lp-1v=Yavyr) (Lpv—yiv—ye). )

: (L]_Vyl\/yq) ,(LzV—|y1Vy2), b v(LqV_‘yqflqu)v(Lq+lV_‘qu

L Lo Ry L, L, L,
i L% - 4 + -
y2 =+ — + -
+ -
yq—l - +
Yo 4+ + - -
p:2q+1v q+1 Yi,-.. 1yquq+1v M U(q) H” =[(Y1qu).(—|Y1VY2), v ,(—\Yq,lqu),

(ﬁquyq,l), e ,(_|y2\/y1),(_|yl\/yq+l) y (—\yq\/—|yq+1)] . :(L]_Vyl\/yq) ,(L2V—\y1Vy2) yoas ,(Lq\/—|yq,1qu),(Lq+1\/—|yq\/

Ya-1), - (Lp-2v=Y2v¥1) (Lp-1v—Y1VYgea) o(LpV =YgV —Yge1)-

3. C=(Lyv...vLp)(p>3) , Fc=[Cy,...,Crl(m>2) C( )
CNF H=[fg,. .l MU , var(C)nvar(H)=g,Fc H FevgH=[(CyVvfy),...,
(Cviml, FovgH T, (C)=1. , C o,
FcvgH T.
: , C=(Lv.vL).C=(L Vv..vL,),...Ch=(L_,1V..vL).
T FovgH , H MU , ko(1<ko<m) 7( fko) =0. T
C, 1(Ly)=rLy)=...=7L,)=0. 7(Cy)=...=7(C,)=0. ,7(Cy, v fi,)=0. (FevgH)=0.
, T C , ko(1<ko<n) 7o(Ly,) =1. o(L)=1,  7(C1)=1.
H MU ; H-{f} . 7 r(H={f}). ,
var (C)nvar(H)=&. , T, FcvgH: xevar(C), (X)=15(X); xevar(H),
(X)=71(X). O
3, :
2. F=Cyv...vC, CNF , , 1<i<n,F; Ci CNF
, #el(F)=m>2. Hi,...H, MU
D 1<i<n#cl(F;)=m;
(2) (Vaciznvar (Hi))nvar (F)=;
(©)] 1<i#j<n,var (H;)nwvar (H;)=2.
F*=(FovgHO)A(FovgH)A. . A(FpvgHR), F SF*
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3 NP-
(r,s)-CNF CNF :(r,s)-CNF F CeF, |C|=r;
, xevar(F), occs(x,F)=pos(x,F)+neg(x,F)<s.(r,s)-SAT (r,s)-CNF
MU(2) Hp=[(X1v XV ... VXp), (mX1VX2) ) (mX2VXa), - .. (= Xp-1VXp)  (—XpVX), (— X1V .. v=Xp) ], p>2.
Hp
X [+ - + -
X, |+ + - -
Xpa |+ + - -
X, \+ + - -
Hp 2 H ; [(—X0vX2), (—XaVX3), ... (—Xp_1vXp) (—XpvXe)].  Hp ,
Hp H(avxev...ovx)}  Hp +H (=X v=Xp)} , H o +H (xavXav ... vXp)} E(XiaXan...AXp), H +
{ (—XqV... VX)) } E (X A—XoA . A—Xp). . Hp 7, (Xq)=...=7(Xp).
F=[(xovfy),....(xvfg),(=xVTgaa), ..., (=X VTp)  Fres] , ,oces(x,F)=p>4 X Fres
P X1:X21 -+ Xps =8
FO=[(xav ), ... (%qVEg) (—XqrivEger), ... .(—XpV o) Fres] + H S .
, 1<i<p,oces(x;,F*)=3, H§ (xv—y)( ).
, X p Xgseee Xp X,
Xi 3
4, F FYF oF
T F . 4 F0d
z(y), if yevar(F)-{x
'(y) =41, ifr(x)=1 ye{X,..%,
0, ifr(x)=0 ye{x,..X}
, v 3 ; V' F
v(y), if yevar(F)-{x}
V() =1L ifvx)=1 y=x. O
0, if v(x)=0 y=x
CNF 3-CNF , 4,
34, (2,3)-CNFU(3,3)-CNF (2,3)-SATU(3,3)-SAT  NP-
4. 3,  (3,9)-CNF H, (3,9-CNF NP-
(3,5)-CNF H=[Cy,....Cxl, H
H'=[C,,..C_]1, 1<ip<iy <.<iy £m. ,H" (3,5)-CNF . , H
var(H)={xy,..., .}, H =[(% v C)),C,,...C,] ,.G=[C,,....Cal, G , X G s1
G 7, 17(X)=0. 3-SAT F, 4 )
3 , F (2,3)-SATU(3,3)-SAT
B B F* Lyv=za),- o (Yiev =29 -, 9], g(1sj<l) 3 (

© PEBREBALTU bt/ www. jos. org. cn



1211

4 F¥ : Y120 YioZe : (Yiv—2z) )-
F* 2 : 1<i<k, n X X X X X1y Xns
G G. F* Fr
Fr*=[(,v =2V ) (Y vV =2V X ), Gy G 1 + G 4+ GX
G xi oy F <F* SF**
0 (3,9)-SAT . , (3,9)-SAT , (3,9-SAT NP- . O
1. (3,4)-SAT  NP- .
4, (3,4)-CNF . MU
y (- + + +
X + + - -
Y1 + -+ -
z + + -
G- X, + + - -
Y2 e T~
z, + + + -
Xg + + - -
Y3 t -+ -
Z + + + -
G=A14<3((YWXVYDACGV YV Z)A (X VY VB A (=X V=Y V) A (= Zav —Zov —Zg) A(Y).
, G 4 -y 3.
, k=[C...C,] F=I[C,..C,,] MU ,  var(Fy)nvar(Fy)=2,
, , MU . [C, v (G, Gy Gl G
MU
G 3 ( ), (3,4)-CNF ( )
F=Auics Ascjes ((yi v Xij % y']) /\(Xij vﬁyij % Z'J) /\(ﬁxij v yij v Z'j) /\(—|Xij \/ﬁyij vV Z'J)
Neics (FAV =2, v =Z) A (=YY =YV —YP)
, 4,(3,4)-SAT  NP- . g
(r,s)-SAT(s>r>3) F, 2 \ F (3,9)-SAT
F, e ;
5. r~3 s, (r,9)-CNF H, (r,9-SAT NP-
, CNF 3-CNF ,
3 C=(Lyv...vLp), [H S, NP-
(r,s)-SAT . , MU(2) ,
, S.Hoory S.Szeider fi(r)=max{s:(r,s)-CNFn MU(1)=J}
References:

[1] KleineBining H. On subclasses of minimal unsatisfiable formulas. Discrete Applied Mathematics, 2000,107(1-3):83-98.

© PEBREBALTU bt/ www. jos. org. cn



1212 Journal of Software Vol.17, No.5, May 2006

[2] Davydov G, Davydoval, Buning HK. An efficient algorithm for the minimal unsatisfiability problem for a subclass of CNF. Annals
of Mathematics and Artificial Intelligence, 1998,23(3-4):229-245.

[3] Xu DY.Homomorphism proof system for unsatisfiable formulas. Journal of Software, 2005,16(3):336-345 (in Chinese with English
abstract). http://www.jos.org.cn/1000-9825/16/336.htm

[4] Tovey CR. A simplified NP-Complete satisfiability problem. Discrete Applied Mathematics, 1984,8(1):85-89.

[5] Hoory S, Szeider S. Computing unsatisfiable k-SAT instances with few occurrences per variable. Theoretical Computer Science,
2005,337(1-3):347-359.

[6] Hoory S, Szeider S. Families of unsatisfiable k-CNF formulas with few occurences per variables. arXiv.org e-Print Archive, Math.
CO/041167. 2004.

[7] Savicky P, Sgall J. Note DNF tautologies with a limited number of occurences of every variable. Theoretical Computer Science,
2000,238(1-2):495-498.

[8] Garey MR, Johnson DS. Computer and Intractability—A Guide to the Theory of NP-Completeness. San Francisco: W. H. Freeman
and Company, 1979.

[3] . ’ ,2005,16(3):336—345. http://www.jos.org.cn/1000-9825/16/336.htm

(1959 ), C

ekl hlhlhRhR bRl bR bRl R bbb R bR bRl bRl h bbb bbbl Rt

23 NDBC 2006

www.ccf-dbs.org.cn

www.zsu.edu.cn

http://ndbc2006.zsu.edu.cn
2006 5 10
2006
2006 7
http://ndbc2006.zsu.edu.cn,

E-mail:ndbc2006@zsu.edu.cn
020-84112137, 020-84110087
020-84112290

NDBC2006 510275

© rhiEpk

Bt FI9TET httpy/ www. jos. org. cn


http://www.ccf-dbs.org.cn/
http://www.zsu.edu.cn/
http://ndbc2006.zsu.edu.cn/
http://ndbc2006.zsu.edu.cn/
mailto:ndbc2006@zsu.edu.cn

	基本知识
	公式归约
	简化的NP-完全类
	结论和进一步工作

