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Abstract: In this paper, the quotient space model is extended to the fuzzy granular world and two main
conclusions are given. First, the following four statements are equivalent: (1) a fuzzy equivalence relation given in
universe X, (2) a normalized isosceles distance given in quotient space [X], (3) a hierarchical structure given in X,
(4) a fuzzy knowledge base given in X. Second, the whole world with different fuzzy granularities composes a
complete semi-order lattice. The results provide a powerful mathematical model and tool for granule computing.
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AR R A ML EEA E A B8 R S T DL IR B I TSR R R T R AR G E — AN EM R R LS A
WA T — NAREGR). ARG, THE — A — B AIMES x el F A0 R rp i G ok R s, B A iR R A Y
IR F R AT AL TR FH (XGR) T AR A 1 KR AR B A AR A FH 40 4 v (0 9 AR P16, R R 8 3t R- T 3 A
I R- AR AL T 51 KRS £, G157 T KRS S 510, B wr AR AR 200 A 32 N A T2 Ak, e i) 2 a4
AT, I 3RAF TR,

5T, Zadeh 7E SCHR[3~S]H TR ORI AR JEURLE BRI B2 H N2 IA AN 3 A 2 BEME S, BV & (granulation, 3
FEWG AR5 3 B 43 ) « 4123 (organization, BLHE M 734 e 4 44) i IR 2R (causation, B 4 PR S (1) O I56), F gk — 2D 4
TR RS AR A R R SRR R, B R T A A ORI BRI . R BRI TR AR
HE KL b 13 A S T SR AR A5 SRR B ) A T REL S 1 B8 08 R DX ) A R R 1 T AR

Zadeh P ARG T 24 AR FE 6k B VB 5T 1 D48, Y. Y. Yao Rt IR & 1 38 6k B v BT T — R 5 R
FLO91 I 1 P B 2 90 A5 A L A R W SRR R T S (DL-18 5 ) Rt ik 4 4 AP FE (R A2 2 5
PTG Z A K E XM m( @), A& 2 1Al () IF-THEN 3% & 5005 8 4 2 A 8 52 RINEBER, JHE A
FH HH T I 20 4 RSP >Fe SR — 2500 28 [ X e TIF 0 A AR SRR 4 TR I i iE R S

TESCHR[ 10170 BATTHEAT T 2% TR0 1n) B3 19 38, IR 48 H < N BB I — > 20 TA HROARE s A A ATT RE AR AN AH
[F] PR KL BE (granularity) b A0S0 5347 (7] — o) R AATI AN B AR AN [RIRL B2 fR) 0 5 F AT [n) 500 SR AR, T H. g 5 AR PR
i — AN R T SR Sy — AR EE TS AR 0, 22 T0 PR HE IR b A ()R R A IR B8 T, 1E A N2 ) K
IR

TESCHR[L0] R FRATT A T Pfreor B thE S ABE 0l 37 7 — 4 B FIAR N I 8305, H M O H T8 RN R . B
1K 4 T

AV T2 5 H T RAT B RRE AR 77 123 3 [R) 2 A7 T+, 30 02 ) 55 0 8 SR 4 ik <t B>, 408 I FH <R B o il
MR AR R B T A T A R B AT R A T SR A [RDRL Bt 5 2 () () T AR 5 e . AR IR O R
AR 7% [R] 96 2R 24 U0 38 S T R PRORE U1 S (U RS 48 #1845 1 BRI F0RE BE i 7R o 20 IR 3 5 2 22
) PR AE G 2R S R RS [RIAE T, 3 A T B 2 70 10 38000 38 Z WIAA L0 A 0 41 00 3R 1A% D0 @EAT B9 1, B 8 35
ST AN Fh 2 [R) T BLAE (R RS B BRI, L 4 FUE TR SR SRR, T F IR A O R HOX e i R L R
SEBRATFT IR 17 B0 — AR RR R 1R A1

Zadeh THRRIRBETFELE Pawlak RIFRATTIN & B0 BE 17 8 X A L8 [m) Ath 3= B R0 BE (19 28 7 1) 8L B >
FEHEAT b T8 FOHE BRI, A8 RN TR R TR 4 i R R e AT I — Ot 2 B 5 “il(word) 7SR R R, X AT
W B ATk S ) LA T I S AR SR AT 0 T VR S R R DT VT R A T A R R B
EREITEMEE TR —.

2 Zadeh 75 15, Pawlak 1518 [ JEE 2 <3 BT IR 88> T At 1 Ui (19 02 “BORIDRL > 4% Zadeh 18 X, 3k
AT T 2 TR JER U8 L 2 R B B IR AT R A T ) A A 2, 0 S8 T T M (10 <3 R 152 1) S .

ALV W] 1 Zadeh PO AROR R 2K B AT 1 78 20 IF) B P8 H ) R AORA 7 2 () B8 2R R 48 LA AR R Y
AR,

1 RNEHRER T EER)

A 1] B A 2 FATTAE SCHR[ 107 (K SCRRT11T) A s 7 A0 e JE HH: S A 78
1.1 RREHRE 5 B93ER

BATLL = A X LD KAGIE — AN AL X 2R, fOFX BRI ORI ENE, XYY TTRLE n 4558
A, B A PR — RIS T 2RI 40, ERn RIS L& KA.

SRAFE B, T ST A X e oA 96 B G5 A RUE PEREAT 2 T FF 92 24 X AR AR, AT I 4
A0 J5E R 2% 45 [ 8L T 18 R FEE, 3t 2 1 488 P 1) 4 2 1 B 1R T R AT R 90, B AR SRR B 6 X 34T I
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AT A8 S S48 X I — AT RN, X LR EYE FRIEE R T R Qe 27 B ] 73 3056 3 1) 1) 7t
(XTI}, VA TR (LXD, A, LTS (A D I R 22 BRATTRR L A 485 10 1 (44 L Zadeh (R, RIDRLFE (] ).

LU, R FAT A [7] 1) £ JEE CRLBE ) 2% %% 1R) — 1) 0, 45 HH LA AN [RDRLEE B B9 45 3, 401 ([XD 1, [ [ 710, ([XD 2, [
[TT),... B, S 5o BT 1 10 45 SR HEAT 4555, 2 HE SR I D5 1) 45 8 Il 2 BRATT ST UMK 38 2 A i) 8, B0 5 it i) 30
(}% 1 Zadeh FIAIE RN ZH 23 i) 0.

55 3,4 AN IRDRE BE tHE S b AT 33 A7 9 T Lk ROV ) 0 (4 Zadeh (R0 T BV DAL ) ).

35t Jig A )R, FRATTHEAT AN [R5 (10 S 2% B 87 B0 o 306 B 3 14 (007 52 30 4 SR A, LA BRI S At 19 B2 % k-

JLBER R BATTAE SCHRIL0, LU P AREAT T ¥R N . AT R, IR/ T MR I 458

ARSI B R BT B 2 s SE M BEAS HE ) SRR 75 23 ).

2 RE T AR E AR

2.1 BB

EM 20 B X RIRHLX F AR A R Vxe X, AMEE IR e 0, 11,550 x X A 1R R,
W

1 X—[0,1]
x—>4(x)

PN A IS5 JE R 4L

2 TR X LU 7 142, ) T SERR L2 1 X—[0, 113X AN B& B 2 B — A B 45075 ).

TEN 2.2, % ReT(XxX), £ /L

(1) VxeX,R(x,x)=1,

(2) Vx,yeX,R(x.y)=R(y.x),

(3) Vxy,z, 8 R(x,z)zsup,(min(R(x.,)),R(y,z2)),
TIFR R 2 X L —ABOISEAN SC R (5 E X 2.2 AHIRHES WL SCHR12]).

XA E SR AG I RS B o, — AN B AP ER G LR X B AN R R T4 IR AR 8] B 2

T8 S AT RIS A5 B0 BT — AN A A 06 & 8 S 2.2 R 3 R VAR 0,1 i, W) E T BT 58 SRl e — ik 1) 4

Hrk .

ER 2.1, W R & X B AERIEMN KR A VY, yeXx~ySRx,y)=1, 1~ X Fi— /N FIESEMN KR,
A LT IR P 2 ) R [X].

EFA - SRR B S AR 1, LA I B AL S 1 ey p~z = R(x,)=1,R(v,2)=1,3 B R(x,2)>min(R(x,y),R(y,

2))=1, 115 3 x~z. |
FEHE 2.1, W R X LR BRSO KR (X2 i 2.1 58 S B A1)
S
Vabe[X]d(ab)=1-R(xy). Pxeayeb, )

W) d(.,.) /2 [X] L 1 2 0 R 2

B SRR Vye Xox,xeac[ X, R(x,y)=R(x2,y). HH R € LIIZAFG)F R R(xp,p)>min(R(x ,x2),R(x2,p))=
min(1,R(x2,y))=R(x2.). [F1 B AT LA 2] R(x0,0)2R(x1,0) A R(x1.0)=R(x2.0). HILAG 2V X xa€a,1,02€0,60 R(x1,1)=
R(x2,2) AR BN A X (D)X Va,be (XM — N EEGUEL d(a,b).

NTHE ] d(,) 2 (X B AN R R B R A A d(a,0)=0,73 B d(a,b)=1-R(x,y)=0,Vxea,yeb. il £F ¥
R(x,y)=1=x~y,Bll a=b.

FR, 1 ROey) OGS FRE, AT A5 21 d(a,b) IS FRTE.

w5 ,Va,b,ce[X],Hl xea,yeb,zec, 1 R(x,2)>min(R(x,),R(y,2))=1-R(x,2)<1-min(R(x,y),R(,2))=d(a,c)<(1-
R ) +H(1=R(y.2))=d(a,by+d(b,c), AV d i i = F ANGE A d [ X)L 1R BE R R 250, 79 B ([X). ) i — AN B 2 ). O
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EX 23 ¥R X B — MMM IR R EPE 2.1 € XWEEE A A([X],d) A R X (K7 45 K923 ).

Rl 2.2 B R 2 X BRI KR, Ri={(c))|R(x,y)2A},0<A<T I Ry X FF— AN 838 25 5%
2 RN R KA.

TIF B 5.

AL R R RO N IR B 5 18] 2 X(A). B 8 U 5 79 B A0 T H BTAT 0SS i<1eR, >R, <X (M) =2 X(A) T
B8, TR T 78 IR I {X(A)|0<SA< L} 4 JRURS B2 R A0 5 00 R B — /N0 P R (LX) [0<A<1 o X B — AN 43 T2 36 By
4 1.

WRE 2.3, 48 X E—ABORISEAN G R, W N —A X ER5r 2B S5 .

TIE HH s

TR U — b B SR B AR AT A R AT R A ) B (R DR S A G R

EX 2.4, BIHALEEE S R XHTE AL, BIVa,be[X),F d(a,b)<]), & X TAEEL 3 S = MKl
STV, FLE R R, R I DAy S5 2 s

W 2.4, W d T FBOH S 5% Zon N U — AR I @ R A .

UE WA : SR 2 B A A S5 I ), BEATAE x,p,2 e X, AN W d(x,2)>max(d(x,p),d(1,2)), T 213 B R(x,2)=1-d(x,2)<1-
max(d(x,y),d(y,z))=min(1-d(x,y),1-d(y,z))=min(R(x,»),R(,2)), 43 B R Ailli £ BEWI AN K R 4AE(3). O

EFE 2.2, WXE X MRS HLIELX] ESE —ANE— SR ERE B R AL d(.,.), 2 Vx,ye X, R(x,y)=1—-d(x,y), N
R(xp)i& X EI— ORI S M XK.

A SR AR R () W R SO SR AN ¢ RIS A (D FI S5 A4(2). LA TR IE B AR () it 2.

Vx,y,zeX, T d &2 B, el

d(x,z)<max(d(x,y),d(y,z)),

PSGE
1-d(x,z)>1-max(d(x,y),d(y,z))=min((1-d(x,y)),(1-d(y,2))),
A R(x,z)>min(R(x,)),R(y,2)).
AT y B sup, 45 3 R(e,y) i 2 B0 S5 R S ATF(3). O

HE B 2.1 FE B 2.2 AP ALX B AMEORI AR OGRS X B AR A )L R A A A I R R B —
X ALK AN S O ZR AT AT T LU HT BR8] O TE R AT FUBR S5 AN OC &R, B n] K BORT SN % R (X T)
[ 2 TR BEAS TR AT BIF A, I v 702 B RO 45 0 0 R 45 HH 4R 4.
T B EUE LA E S X RO A O R B — AN — 18 X IR 43 4 R T TTE B R 2 TR AR
B 2.3 BWXD0<A<1}E X LI D RIBI A, AE X B MBS R RILERRN
Ry, R % R 25 [0 4 X(2),4€[0,1].
TE B : B, {X(A) A2 X IR 3 2 3 B 65 4 BT LA X(A) A X R 2% T, 2 XA N I 1 2540 55 3R R ,0<A<1.
Vx,yeX, € X
RUs,y) = {1 VA.(x,y)ER,
’ inf{|(x,y) € R,}, Hfth
Vx,y,zeX, % R(x,y)=a,,R(x,2)=a»,R(y,z)=a;.
TV e0, 1 a—e<d <a;,ar—e<dr<a,,dr<a;—e<d:<as.
(x,y)ERy,(x,2)ERy,(v,2)ERG,.
# dy2min(d,,ds), W R(x,2)2d>,>min(R(x,y)—&R(y,2)—&)=min(R(x,y),R(1,2))—&.
#i dry<min(d,,ds), W ds<d;,1(x,y)€Ry ,(y,2) Ry 13 3 (x,p) Ry, Bl X~y y~z(Ry), 43 3] x~z(Ry), I
R(x,2)2ds=min(d,,ds)>min(R(x,),R(7,2))—&.
2 &0, 705 X B A L% y B sup, i 75 3
RGx.2)2sup, (min(R(x,),R(:2)),
32 R(xp)2 X LI DEIAEN R, LILEOC RN R, O
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BATVE: b 3R G518 VA 45 % T e B

BEAREE. FEAOK S ESNN:

() 75 X b8 w — SN KR,

(2) 75 X [R5 25 ) L gh e — AN — 10 I S5 e

3) 4 X — N M &5,

3 33K 5 B FAT T LUK BRI FE T Ak kAN EE S5 (X, d) b HEAT IO VE B, TR, AT L FRA TR L 0 7
25 A BRS BEAT R AT
3 EWETEBENE

T TR P AR 5 A S 2R T S 3R KRR T % i) ) 4 ) 0
3.1 WA E RS

EX 31, W REX EH— MRS LR, A 2.1 53— N5 TSN X R R A\ X)L e — k4%
PEFE B d(.,.). X Vae[X],5E8 L (b)=1-d(a,b),Vbe[X]. T J&, 54 1, Wi X T [X] L — AR 42 X S i 45 4
I 25 ) A A2 0k I TR S5 56 R R IR 9 45 ) {pala e [X]), BRAR I X B —AMSER A iR

EX 3.2 W R,Ry 2 X LIRS R, AV () e (XxX), 1 Ry(x,p)<R (x,),UFK Ry b Ry 41,14

R<R,.
T 3.1, 7E Bk XAk RE< R, X ORI 7 25 0] 4 R A B — A 58 46 2 744 R.
AR RS E R {Rpael}cRE X RR ™ (xy)=inf, {R,(x,p) } ;R - R - (xy)=sup{ A Tx=xo,x1,....%,=V,Rq .. ..

R, A Ry (xi1,x)2A,i=1.,2,...,m}.
NHUER] R (R} B 5
TG UE W e B A4 58 AR L A SRR B AR .
WS EVX,p,2,R A
R(x.z)zsup,(min(R,(x,y).Ra(y,2))),
XA LN a B inf 433
Vx,y,z,ﬁ Ra(x,z)Zsupy(min(infaRa(x,y),infaRa(y,z))):supy(min(R7(x,y),R7(y,z))).
FAEACIARS a B inf 133
R (x,2)=sup,(min(R (x,y),R (¥,2))),
33 R — MM G R,
BUEYE R*Z{R,} K _E 5B
Vxp,a, 8 R*(x,p)<R(x,y).
R € 0, 41E ay:
R*(x,»)<R, (x.y)<inf R, (x,y)+e<R (x,p)+e,
4 60,
R*(x.y)<R (x.y),
RPAS 2] RJZ (R, I L 5.
DUETED] R (R, I T 5.
SGUEHT R-J&— AR S5 5% 38 B0 S5 4 0% AR I 4 PR (D RN 1) R AR AL, B I A IR R0 AL R 45
MRAR I ZAE )BT
LR E xp,2, 5 R-(x,y)=a,,R-(x,2)=a»,R-(y,2)=a; ;LW &0 AF1E d\,do,ds
a,—&<d,La,,a,—<d,<a,,a;—&<ds<as,
XZX0X 15+ X =V Y=V 0V 1505V n =25
R iRy Ry .. Ry,
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i f5% Ry (xim1x)2d1,i=1,. . om; Ry (vj-1.07)2d3,j=1,....n.
AW di2d3, B xp=y; R =Ry, J=1, o W x=x0,%,. .. Xpims X Ry (xi1,x;)2d5,i=1,...,ntm.
¥ A3 %

A(jem)

R_(x,z)2dy=min(d},d;)>min(R-(x,y),R-(y,z))—¢.
LA y B sup, F 4 60,5 )5 15 F
R-(x,z)zsup,(min(R-(x,y),R-(,2))),
RIS 45 0 56 R I 25 R (3) Il A2, R—J2 — IMBERI S Y SC .

BJFIEH R TNHILAT R L E R — N T I RENMATE Roxy B R*(x)2R,(x,y). % R-(x)=a, (T
0,258 SUAFAE x=x0,%, .. X =Vi Ry o Ry EFF R, (xio1,x)2a—6i=12,.. .m BER TR R*,_, I R*(x;_1 x;)>a—¢,
33 x,y fEB R R R*_, F RSN, ED R*(x,y)2a—e6.2 650,13 8 R*(x,y)2a=R—(x,y) /35| R*>R_,]Il R_JZ{R} K F
LS O

BE i 3 % W e d o Al N O e o ST B 7 S I 3 - = A

4 & i

AR Sy BERTRLRE TS T 20 AR ST VS A 7 2 ) B8 BT 19 380 A 32 B 45 R A W 7 R P BB 45477 56 R AT LA
PSSR P 7 2 () BRSO 7 25 (R B JF 45 T LN SEA ) B A —, R T AR 2 S5 1:(D) 75 X b
E—BOISEN R R(2) X MR FX] B4y e —MNMA— ISR 4,3) e X H— N0 Rk g
(X(D};(4) %HE— X BB AR X EPT A BOEN OC R M — A 584 1 P X PR AS 4518 R BT
TP T SR M BCEAAE R TR R — 20 (T T A 4 e i 0 5 70k B B30 323 4 S5 4.

ARSI BRI AR TRATAE 10 2 45 A 32 H SR 10T 41 5K 5 21 [ Py 9 1) R R 4 0 F i di
Zadeh $& H R BETH B AR 2R AT] 10 22 AR A4 10 75 225 1R) BRAG, ROILIX =38 2 [R5 B 3 IR B R A k3
AT 25 0] A0 A A 9 S A X S Y 25 (L s B 2.1 FNSEAS s B B 15 (0, BE 2.1 & e J5 s B 1 gt ).
[ B, B ATT AR AR U0 BA R AR AR A 1 T JE 40 0 45 04 (975 25 [ B2 Zadeh  (RTBDRIDRLEE V40T LLAR 25 5 H A 3K
TTRERS L5 L EEE 2.1), 1 7 2 IR BE S AE ks X = % BEAS A LM IR Z2 ke SR RS A ST T A X3k — 20 Ok Jg ki
EVWHSH—x .
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