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Abstract . In this paper. the authors mainly intend to clarify the relation between NP and PP, A randomized
version of NF is given. Based on this equivalent defmition of ¥F, another randemized complexity class is given:
SUPER-NP. Although the SUPER NP is very close to NP, but it is found surprisingly that PPESUPER-NP
and thus NPCPPCTSUPER-NP. In light of NP=PCF (log,0(1)) and the closeness of NP and SUPMER-NP it
is hoped that PP=PC P (log?,()(1) ) conjecture can be proved by showing that SUPER- NPT PCP (log®.O(1)).
Key words: NP3 PPy PCP; randomized computation; comgplézity theory

1 Intreduction

Definition 1. 1. ''"* NP = (/.. There exists a polynomizal time non-deterministic Turing machine M, such that
Ly—L, where Ly={x€ %" :M{z)=1}1}.
Definition 1. 2. 1 NP, — {L: There exists a polynomially-bounded relation B {0,117 X {6,1} " such that
R; is polynomial-time decidable and € I if and only if there exists a witness o, for which (z.w)ER,. |
Propesition 1.1.7% NP=NP,,
Definition 1. 3. B~ PP=1!{LC(0,1}" m There exists a probabilistic polynomial time Turing machine M s.t.
¥ x, Prob[ M (x> :Ja(x)]‘/'% b
Here
o~ {1 re L
’ 0 r& [
Theorem 1. 1. NPZPP.
Definition 1. 4. ©'5" (Probabilistically Checkable Proofs-PCP) A Probabilistically Checkable Proof system for
a language L is a probabilistic polynomial-time oracle machine (called verifier > denoted as M, satislying.
+ Completeness: For every r€ L there exists an oracle #, such that: Prob[M~(r)=1]=1

+ Soundness: For every & [, and every oracle a:

Prob[M™ () =1]=

oo —
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where the probability is 1aken over M’s internal coin tosses.

Definition 1. 5. 3“7 {Complexity measures for PCP) Let r,g: N—=N be integer {unctions. The complexity
class PCP (¢ J,¢( )} consists of languages having a probabilistically checkable proof system in which i1 holds
ihat ;

» Randomness Complexity: Oninput € {0,1}*, the verifier makes at most (|| coin tosses.

+ Query Complexity: On input 2€ {0,1}", the verifier makes at most ¢(|z|) queries.

For sets of integer functions R and @, we let

rCPiR.QY= U QP(,‘P(r( JaqgC .

re R

Theorem 1. 2.7 (The PCP Characterization of NPy NP =pPCF{log,0(.)).
2z Alternative Definition for ¥P (Randomized Version)

Definition 2. 1. NP,. The complexity class NP, is he class of all languages L for which ‘here exist a proba-
bilistic polynomial-time {bounded by a pelynomial #,( )} Turing machine (PPTM)} M and a positive polynomial
2C), such that

1€ L=>Proh[(M{xy)=1T]2z2 #D
r& L=Prob[Miri=0]=1.

Theorem 2. 1. NP;— NP,

Proof. NPT NP,.

Supposc that L€ NP is decided by a pondeterministic machine M with a running-time rthat iz bounded by a
polynomial p{|x1). The following machine M" then will decide 7, by means of Definition 2. 1:

Mz, Gy sbpe o osbpcy 3) Y =M by s hpapnd)
That is M’ uses its random coin-1osses as a wimess to M. So0. combined with Propositien 1.1, then LENF,.
NP, NP,

For cach L& NP, is decided by a probabilistic polynamial-time Turing machine {(PPTM) M {according to Del-
imition 2.1) with a ronming-tine that is bounded by a polyromial g (e ). Without loss of gencrality, we assume
that far each 7€ {0.1}" all compuiations of M 1ise the same length (p 7|7 ])) of coin-toss {or ‘guess’) and that
all those computations constitute a binary tree (that is there are just 2015

paths) for each x€ 10,1} 7).

’ possible coin-tosscs (computation

We distinguish rwo cases according 1o whether ¢ [z |22 p (|2 ]) or not.

First, 1l poClrldZp x| when x€ L then there exists at least one coin-toss (cemputation path) whick
leads to Mix)— 1. We use the coin-losscs as the witness for #& L. Combined with Proposition 1.1 we get l.E
NP.

Second. if py(Ja D =<Ip x| Y then we canstruet another PPTM M using M as follows

NSRRI SO0 SRV TIIR PEES ¥ SN ¢ 0 SRR SIS
That 13 no matter what g, s@es. . . ctpe = soclenon wanld beo M just return MCxa (b be.. o 2b, 030D

Niste that indeed Prob[ M (z3=x.(x3]=Prob[Mz) =X ]

Denote p:(lx]) as (x> -1y then p2(le D> pC #|). According to the arguments in the first ease we get
that [.E& NP.

As a conclusion, in beth cases above we get that £.€ NP, thus NP, S NP and the theorem does hold. C
3 The SUPER-NP Class

Defimition 3. 1. (S{/PER-NP). The complexity class SUPPER-NT is the class of all languages [, for which
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there exist a probabilistic polynomial-time (bounded by a polynomizl p, (|x|)) Turing machine (PPTM) M and a
pesitive palynomial p(}, such that
26E L=Prob[M(z)=1]">2"%1"
& L>Prob[M(z:—0]>1—2 *
Note that in contrast to Definition 2. 1 of NP, the class SUPER-NPF is indeed very close to the class NP

4 SUPER-NP Versus PP

Theorem 4. 1. PPZSUPER-NP,

Proof.  For each L& PP, then there exists & prokabilistic polynomial time (bounded by p¢|z{), where pO)
1s a polynomial) Turing machine M, s. 1. ¥ 7, Prab [Mﬁ.r)=)_’1,(f)]>%. Using M we can define another PPTM
M as follows .

it ayds . .au,»150 then return ‘N’
M’(J’y(cﬂ (2SR R T P I R ] E?] »bgy. o |}};(|_7])))_
else return Mx, (b bpa ol ))
This gives us that:
6 L=Prob[ M (z)=1]=2" 1" U Proh{ M () =1]=27 700
& L=Prob[M (x)=0]=(1—2z " 2y—z @D L Prob[Mir)=0]
>(1 —a ‘P(\J\)*l))+2*p(|»‘i)=}Lz pllaly
So M satisfies Definition 3.1, and thus LE SUPER-NP. ]

5 Conclusions

In this paper we give a randornized version of N Based on this equivalent definition we give another random-
ized complexity class; SUFPER-NF. Although the SUPER-NF is very close to NI’ but we surprisingly find that
PPCSUPER-NP and thus NPT PPCSUPER-NP. We hope our work can ennrribute to the clarifieation he-
tween NI and .

In Ref. [3] (. Goldreich conjectured thar PPCPCP (log?s O(1)). In light of NP=PCPlog.((1)) and the
closencss of NP and SUPER-NF we hope we can finally solve this conjecture by showing tlat SUPER NPT PCP

(log*,O(1)). Tadeed, the work in this line is currently under investigation.
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WE, L2HNRMANP EPPHEAR AT -ANPHFHAMREL A FRFRAL  ZLTHF—AH
ME L SUPER-NP. & SUPER-NP 5 NP ¥ 8, RAALENLZRAT PPESUPER-NP, A
NP FPPTSUPER-NP. # &3 NP =PCP (log. O ¥ & NF & SUPER-NP # fa il ¥ . & "2 gk 8 of $E 9
SUPER-NPCPCP(log® 01y &M & PPOPCPlog? O(11) 88k 4.
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