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Abstract: This paper investigates the relationship between the hybnid polynomial approximation and the Her-
mite polynomial approximation for ratioral surfaces. Under some assumptions of the control point weighrs, the
paper derives the general necessary and sufficient conditions for which both the hybrid polynomial approximation
and the Hermite polynomial approximeztion converge o the rational surface.
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Rational Bezier curves/surfaces are well established as ¢ convenient way 1o represent Computer Aided Design
geometry-', In mechanical englneering . contours that contain splines as well as conic sections cennot be stored in
one data formar if the curve description is -estricred 1o polvnomial curves. Morecver, it is difficult 1o communicate
data between a CAD/CAM system bezsed on rational Bézier curves/surfaces and another one that restricts itself to
pulynomial curves/surfaces.

Hybrid curves heve heen inrroduced in CAGT hy Sederberg and Kakimoio ). They provide an attractive
method for appreximating rational Bézier curves by pelynomial Bézier curves with the putenuzl advantage that the
size of the moving control point bounding boxes might be diminished as the degrees of the hybrid curves increase.
Using this method Wang and Sederberg=! computed the arezs bounded by rational Bézicr curves approximatively.
Wang er al. ' obrained the convergence condition for the hyarid pelynomial approximarion. Several methods were
providee to estimate the erro- bounds for the approximatian to the maving conteal point of the hyhrid curve by
Wang et al. """, Recenily the authors have derived the formulae for calculating the control points of Hermite poly-
nomial approximation to rational Bezier curves™). The above studies have enriched the theary of NURBS curves
and given impcius to the application and developument of NURBS curves in CAGT).

Qiu " generalized the case of approximating rational Bézier surfaces by the hybrid polynomisl Bégier surfaces.

But the generalization of the other work has not heen found yet. lu this paper we concentrate on the hybrid polyno -
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mial approximation and the Hermite polynemial approximation to rational surface, their relationship and their

convergence.
1 Polynomial Approximation to Rationa} Bézier Surfaces

A rational Bézier surfece of degree »n > m is given by the following equation

3 D Ry B ) B (v)
R v)=-210 N (1)

\‘ \ e 85 () By ()
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where B0 =71 — )" *u* denates the k-th Bernstein hasis function of degree n, B (w) =7 (1--¢3" v denotes

the {-th Bernstein basis functicn of degree m. Ry are the control points and w are the control point weighrs.
Throughout this paper the variable domain is 05X 1, 055e=],

‘The rational Bézier surface & (u.v) can be equwalemlv expressed as

+
Ry, v)=H " '(u,z)—i LH ST BT GO BT () ()

peit =D
where H#4(u,w) arc retional Bezier surface of the same degrees and the seme weights as the initial rational
Bézier surface

Do Dy B By ()
B ey =220 . (3
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It is shown that

tlilr, j£sy
Htop= ﬁ:ﬁ:fﬁ:;'{ . i i=r s, [=001, . oy ¥
2 R i ilr s b — 04 1a. .
Le s HPf(is4r . j555) are the fixed control points and Hilviii=ror j=s) arc the moving control points, the
control points can be uniquely determined by (2) 7L Such a polynomial Bezier surface with moving control puints is
called a hybrid surface. The formula (2) leads directly to a polynomiel appreximation to K(u,v) by simply replac-
ing the moving points with stationary control points. If we replace H[75# (i =» or j==5) with constant control

points B (i=r or j=s) in the convex hull of B3 7 (i=yr or j=5), then the Beézier surface B (u, v} =

-

g
M‘,

Hip B0 BV () gives a polynemial Bézier appraoximation to the rational Bezier surface R{u,w), We

i

ES

=0
call B 71 (5,2} the degree (r— p3 X {s+4) hybrid pelynomial approximation to R(u o).

Let
ety - L
1
B = 20 20 BT GBI ) (32
P E——
The degree (- | p 13X (5 | g— 1) Bézier surfave satisfics
FlUgei0,0) _ daYR0,0) .
pwE = v i=0,10 o r—1, =010 — 1 (63
FORF0,1) 3RO, .
pwE R P R At () EYPERT o DU Sl i FERPRURSS £ (7
FURI,00 3 UR(LL0Y L . .
pacEw: == FWEW: i =01 ap—1, 3=0,14. .. 45 1 (&)
FUR e, FVRALD ‘
EwEw = VW s =00 s p— 1 j—0s10 g1 (%)

Ther: are (r+p) X (s+¢) linear eyuations about the (r | p3 X {5 | ¢) variables B G—=0140 00 0r i p— 1. 5=0,
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T.oosstg—1) in Egs. (62~ (9]. We infer that A#"9(x,v} is the unique polynomial surface with degree (r+p—
133 (s+¢ — 12 that satisfies the above Egs, ()~ (9). Tt is called rhe Hermite pulynomial approximation o
RG,0)t. We say that #7 (u,v) is the degree (r 4 p- 1) X (s+g—1) Hermite polynomial approximation 1o
Riu,v).

2 The Relationship between &7 '(u,v) and A" °""(a,v)

The hybrid approximation H™**%(y,v} and the Hermile approximation &7 (y.2) are closely related,
Theorem 1. The contral points of H™*"?(u,¢) can be expressed by the control points of B9 (g ) as

H.’:,“"‘”:( ’ﬁc}' [( 1--

)k ek R |4
f*r’” P ] (am

h:"plif;ql s P, _?%5-

L ' f40 ‘
.‘Jrql:(] r’r,blh”' r—p

That is» il we raise the degree of polynomial &Y, v) , its coefficients and those of polynomial H 7= (u,v) dif-

fer only in the case of i =r or j=s.
Proof, By simple caleulation we get

JUHG,0) T TR0,0) ,
' e e A R TS OIS S bau S .
eyt e i=0.1 r—1s 5 0,1 oo 1 (1)

Expanding both sides of the ahove equation., we arrive at

rtprl  (s4q)) \ W
{rp—itGig- J)’k ~ =

DI
k

(12)
U+p—D1  (shg—it NYNY I‘M (ot
(rrp—1— s4g - 1~ ‘_f L(J( D th e e
‘The eonclusion can be proved by mathematical induction on ¢ and ;. [l

Theorem 2. The control points of B9 7(u,0) can be expressed by the contral points of B 10 1271401 (o)

as (0=7=5r— 1,050 /55— 1)

cepavy i o i ‘ ‘ el e gl : colep Les Ly ;:l
hi ) l S l]l:(l 1+p-—1’H r+p71H' Ly ' ™
; - . . (13)
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ﬁff[r‘+;—‘11?:1::’1':-::'3"’ T s
R "1—\—4-;7—1{(.1 r*;*l]Hﬂﬁ ER +f"|‘,;;"_1HiL!]:'{tj“v:vc}llq ‘:|+ (152
~+§;l1[(1 e LI == LA e
h;‘{';{;:,z_;__.kg_][r*fﬁﬁi B s (167

s—-1 [ P HY e 1o La—l | rTl____Hr_ ray 1].
STg—1 ?‘FP'*]. 106 10 Py

Theorem 3. The hyhrid approximation is equivalent to the Hermite approximation under certain eonditions zs
Hype=Hrrs, it
HP iy = BP0 0 o) i B =B | o, an
Ees UL
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The proofs of Thecrem 2 and Theorem 3 are similar to the prool of Theorem 1, 50 we omit the details here.
3 Convergence Conditions for A 7" *(a,v) and A7 %wu,v)

3.1 Bounds of remainder terms for H™ 7% (g, v) and #** % (a,v3
The following two thecrems deal with the error terms of H™" (e, u) and A7 (s, v).

Theorem 4. The remzinder term for H****{u,v) is bounded by

b RCGe o) — H P9 ed | 54 Max Max 1| Higir—Feed . {18
o
Proof. Setting Af,‘j””"‘— Max H ﬂ,,g 7o HTP | and AGHS?— Max ALY, the remainder rerm for
o Izror j=%

E U l
H* (4 ,2) implies the iﬂEqUﬂllfY

| Rvo) — B (g ) | SSOE Pad F BV P (wy — B ¥y B e () Y AL, (197

Note that 0B (), BT ()1 and
WA — B || SACHSE )2 Max | s —HIe | (20)

Iz l e
where d{X ) denotes the diameter of the convex hull of the set X. '}‘hese together with the inequality (19} imply
the result. [
Theorem 8. The remainder term for 277y, ) is bounded by

| RCa,wd)— R {a e || %'1 M{D:(_' , K__%v’llax [| & nse v —H e W21

I=thile..
Proof. Using Theorem 4 and the fact that B™#" 9 (g,v) =H" "/ 14(y, %) under certain conditions, the in-

equality (Z1) is seen to be valid. ]
3.2 Recursive formula for F. 7 —A0as

For convenience of discussion we assume that w,,— g.hp. [by the expression of F5LE"0™ ae in Ref. [7) and
making use of the fact that the contrel points H287 satisly (43, we obtain the lallowing result.

Theorem 6. H; g and H:‘j";,“;’*H;';f_‘rf;;‘i have the recursive formula

Vow — BT Hppsg— Horsy
T HL gy — A
R 2 Hnie ) AR R IR (22)
Heppodyor—Hrflab e Hypmg  Hevys
n 1
20411 (pt 1) {k+1jg**‘
T v 2 ! X E —
where X, [P LY R 2 D= i v e=0s1ls. .. sn—1, and
e
| &
=T I 0 0 -1
i—T, TI. oA
1 1
T r, 2 £, 0 -r
1 1
— -, —+ 2 0 - =
=21 ©T | T, (23)
2 a - - -
“r. 00 I A
[ 4 = F,.,z
1 __1
r, [} a . 2 r_

Similarly , using the expression of H; 7%, we get the following theorerr.
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Theorem 7. Hifgiet) Hr St and M0 HEPTf have the recursive formula

I’?lr‘.}b;_s‘.L:.ql]‘gr.ﬁg_\ﬁi:g-il s ﬁ;.p:..y___ E,.f;;:g 7
H:'_f,\fr -5 _H, v'irx J(l ‘:54-! II" p‘ e HJ- :’k’i
- . it =0.10.. . 1m0, (24)
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| m
2011 Cg41) |f—o—1}ﬁi”l
i — 20 T e _ - o :
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o P i £
1
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Y :? h (25
1
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1 1 s 1.
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3.3 Convergence conditions for B " “(u,v) and k7" (k,1)
Iu the contexts of ‘Theorem 4 and Theorem 5. B Geyw) and B (x4p) must converge to R Goow) uniformly

or [0.1 1% [6,170f we are given

llm I & P — H ‘1‘—0- A=O0Ll, oo s I0, 1, oL, s 1 j=0.1., .. .26 (26)
Noting thar 87 gets its maximum value af ¢ i7 ?l. witl (193 we get
AR IR .
| RG —H e 2| (] A "
e AR B L [ - ‘ ,
L'aking tne Stirling formula we obrain 2| . } : ?, =00 ) as s=ve, The above analysis leads 1o the following
ohservation.
Thearem 3. l.er 45" be as defined in Thearem 4 and a be a real constant such tha- 0<rr<’%, Ther
A= OGNy s, (28)

is a sufficient condition for B (wve) end B u,e) 16 converge to Riu,w).

By the assumption w,. = gk, we define glu)= ;:g@b"f(u) and hlw) = ;J.F;;B?'(u). With some mathematical
o =0
techniques and skillss we can obtain a more interesting result. Tae following theorem gives the general necessary
and sulficient conditions for 7" (w,v) and &7 (e, v} to converge to Klu.v).
Theorem 9. The necessary and sulficient corditions under which B (u,v) and B (k,v) converge to

Riu.v) as r | p—roo and s+g-~o0 are that all roots w.(/ = 1.2, .. w2 of gl and all roors v, (3=1.2.. .. .m) of

Alw] must satesfy

e 1N =, (e, c=1.2., .. s (29
and
bos 0L = 1y j=1.240 00 ymns QG
= 1 4‘1‘ — - = ——V =
where a_,:l,,t:[_l.r—F,b"a 1—a, A llm e A 1 A
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4 Conclusion

This paper is concerned with the hybrid pelynomial approximation and the Hermite polynomial approximation
to rational surface, their relationship and their convergence. Based on the notion of hybrid polynomials, we have
derived (e cluse relationship between the two types of polynomial approxzimation. The gencral necessary and suffi-
cient corvergence conditions for these polynomial anproximations are also derived, We find the behavior of their

convergence depends on the roots of the weigh: [unctions.
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