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Barrier Certificate Generation for Safety Verification of Continuous Systems for a Bounded
Time

GAN Ting, XIA Bi-Can

(School of Mathematical Sciences, Peking University, Beijing 100871, China)

Abstract: Barrier certificates have been widely used in verification of continuous systems. The main idea is to find a barrier which
separates the reachable set from the unsafe set such that all the trajectories starting from the initial set will never go across the barrier.
Thus the system’s safety can be guaranteed by constructing a barrier. In recent years, barrier certificates have been successfully used for
verification of continuous systems with unbounded time. However sometimes the safety for bounded time needs to be addressed. Since a
system is unsafe with unbounded time cannot imply it is also unsafe with a bounded time, the unbounded time barrier certificate method
could fail to verify the safety with bounded time. In this paper, a method is presented to generate a bounded time barrier certificate for
safety verification of continuous systems with bounded time. Some sufficient conditions for the bounded time barrier certificate are
specified. If the continuous system is a polynomial system, relax all the conditions of positive semi-definite polynomial to the sum of
squares (SOS) polynomial and then use semi-definite programming (SDP) to solve the conditions for a bounded time barrier certificate; if

the continuous system is an elementary system (containing some elementary functions), transform it to a polynomial system
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approximately, and then solve the corresponding polynomial system for a bounded time barrier certificate. For some practical examples
which are unsafe for unbounded time, the paper shows the effectiveness of the proposed method for generating bounded time barriers.

Key words: continuous system; safety verification; barrier certificate; SDP (semi-definite programming); SOS (sum of squares)
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BIER 1. 4552 205 fix) e Rix], & ST R xe R, #A fix)=0 A2
HArC& AR 2 TAERI R mE 1,3 BEAH SCHER[21]H 25 T oodt kTR AR 0 il (CAD) I 55 5 7 vk 4] i
— A2 I AOE T A R AR O B R B 1 SRR [2 1] AR R T T S TS U B LR CADpsd, 4T 2 1
R A R AR U, IR (Al True’, 75 W32 [7]False.
¥ ER AL 7, FER v, @, u,wo,v; TN B E S (15 A2 10(22)~2 WX (26), 8 F T F CADpsd 1f LA
IAUFZ 5 A2 T3 AR AR 57000, M (0-0.2, w-2) i SE & A1 T-HIHE s 4L
3.2 KBS RZRME R
EX (WMERF) S EP BIESLRLGAx),D LU, W fx) & 9] 5 R 4L, IF B AR 7E A BRAS Y55 o/ 4L
g1(%),...8(x), 1 (x),....h(x),p1(X),....p4(x), 15 ={x|gi(x) = 0A...Agx) = 0},U={x|h(x) = OA...AR(x) = 0} I H.
D={x|p1(x) = 0A...Ap,(x) =0}, IR i% Z 4 /& 4] 55 R4
7 [ BH)] 55 o B0 SR T B 1 AR T N A e ) A R G T LA AL B v A 1) 22 I R R LA
SCHR[22]H 45 8 T dn ) — A1 55 RGBT — T s 42 T R AW 7, E T AR T I AL &
Viya,z 53 N AT 5 22 48 ] g H B 1E 5% PR sin(x) « 4% 5% R B cosQo) FFR BB BT & 06 3, = v,%, , =—px
Az =z OB =3 X R BT xyyz M2 IR SR G 3.1 Wik sk i iz 2w R4
M B 55, F R BT AR i y1,00,2 T sin(x),cos(x)F e B4 BRI a] . 1 1 ) 2 1) W 3% — 7 vk,
] 2:% BE AR 5@ ST R a1
S(,x) = +x, = 1-sin’ (x)
D={(x,x,)e R’ |2<x <2A-2<x,<2}
I={(x,,x,) € R*0.04—(x, +1)> = (x, —1)> =0}
U ={(x,x,) € R*0.09—x —x3 =0}
o IR A 7=0.1.
B A, 5N A B WA R E Tl R R4
», =sin(x,), y, =cos(x,),z = e .

AP LA 2 T 1 22 0 2K ) 3 R

X, z+x, -1

%, -

2 :J}(xpxz’J’l’J’st): n(z+x,-1)
) -n(z+x,-1)
z —2zx,(z+x, —1)

SR 2 YY) B M TS P T 5 S0 205X B, TS0 0 A0 D 9006 5 B A1 % 4K
U WA 28 et B 4E £
D ={(x,%,, ¥, 2:2) | 2<%, S2A-2<x, S2 Ay, =sin(x) Ay, =cos(x,) Az = e”‘lz},
T ={(x,%0, 7, 92,2)[0.25 = (x, + 1) = (x, = 1)2 = 0 A y, =sin(x,) A y, = cos(x,) Az = e’xlz},
U:{()c],xz,y],yz,z)|0.04—x]2 —x2Z0Ay =sin(x) Ay, :COS(xZ)/\Z:e*-"lz}.
PR AT LA B RS R L (f,D,1,0) I EF: f 3T %R AR () x0001,02,2) 42 2 T3 ), (5 ]
A8 D« IR TR 2 A X O A & 340045 ok B v R, T AR D, 1,0 A5 80 4 I A
5={(x1,x2,y1,y2,z)|—2<x] SZA—2<x2<2Al—y1220Al—y22 Z0Az=0A1-2=0},
7:{(x],x2,yl,y2,z)\i—(xl+1)2—(x2—1)2 Z0nl-y} >0A1—y§>0A220A1—220},

{(%,%,, 11, 5,2) | 0.04 = x} = x3 Z0A1-p. Z0A1-p} = 0Az=0A1-2z=0}.
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& FH YALMIP T B, v LR 3 (R /MNUS G 4 47):
@ =-0.1771x" —0.2948x,x, + 0.1472x7 +3.6819x, — 4.5156x, + 5.1926,
n=2.1422.
F 445 155 T 5 CADpsd #4288 1 7] LLIHIE o—nff S22 2245 (F,D,1,0) ¥ T-HIHRS o6 50 R v R
THAE y,y0.z, W -t 2 RGE(LD,LU)K) T-HHEZ R 4

4 B

FE U R AR v, A7 00 D0 S I T M A2 o A1) 38 8. B R T S T TR A gy 0 mT LAIE W A3 0 IF 1) 1) 22 4k (H
FE AT I 17 £ 2 2 P e, 308 AN I 2 2SR SEL LA I A I T 1) 4 e P AR SCET A F I ] 22 e ) R, S S
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