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Stochastic Optimization Algorithm with Variance Reduction for Solving Non-Smooth
Problems

ZHU Xiao-Hui, TAO Qing, SHAO Yan-Jian, CHU De-Jun

(11st Department, Army Officer Academy of PLA, Hefei 230031, China)

Abstract:  Stochastic optimization is one of the efficient methods for solving large-scale machine learning problems. In stochastic
learning, the full gradient is replaced by the gradient of loss function in terms of a randomly selected single sample to avoid high
computational cost. However, large variance is usually caused. Recent studies have shown that the convergence rate of stochastic gradient
methods can be effectively improved by reducing the variance. In this paper, the variance reduction issue in COMID (composite objective

mirror descent) is addressed when solving non-smooth optimization problems. First a proof is provided to show that the COMID has a

convergence rate O(l/ﬁJro.Z/ﬁ) in the terms of variance, where T is the iteration number and & is the variance. This convergence

rate ensures the effectiveness of reducing the variance. Then, a stochastic optimization algorithm a-MDVR (mirror descent with variance
reduction) is obtained by incorporating the strategy of reducing variance into COMID. Unlike Prox-SVRG (proximal stochastic variance
reduced gradient), -MDVR does not depend on the number of samples and only uses a small portion of samples to modify the gradient.
The comparative experiments demonstrate that a-MDVR not only reduces the variance but also decreases the computational time.

Key words: machine learning; stochastic algorithm; non-smooth; variance; composite objective mirror descent (COMID)
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BLAR 2% 20 1T A s RS B 2597 X B 7™ 08 Bk kA% Gt B AL 25 27 >3 0 Ak B0 B0 Ak 5 vk o ik A3 2 ol
D3 BT R AR B2 S Bl il A2 PR SR A WL 2 S0 00 Ak il S0 1 75 5K . bR 1 WL 8 2 3 e 0 A 1 B AR 2 AT [ 3
A7 BRI T BEE LAtk ECSE AR A 0 ki 350 AR08 P88 2 B A H s o S0BH B2 100 G O it 121 3 v v PR A B A AN Ak 3
BN TR B A 1 B LA AL 7 VR A QRS Atk Ak B D7 3R BUAR BE ML Ak S 30— 2B IR A RERE 5 4 TS5 T 4 (A
45 S BB A T 2 AN 1T 3 S by 2 5 ) 90 ) AL S e ),

H TN T ZE R BRSO R 5 M Johnson 48 AT 2013 SR H — PP AE AL AL S35 HR R I8/ T 72 1 3
W&, ¥ A SVRG(stochastic variance reduced gradient)*!. SVRG (1) =22 [ 4 & 7E [ SN EEA BRI T H T
1B IE 5, %08 1E 5 i T RE AR FE (1 S 350 (41 1, 5 S0 B0 AN B AH BE (R A HE B AL A S A1 L 12 1 )5 B
FE 0] BB Sy AN 5 25 6T SR G s LAk ) B SVRG R R i 2k B e A MR Sl R 5 2 i E R Ak Oy ik
SDCA(stochastic dual coordinate ascent)™)F! SAG(stochastic average gradient)fji ik %47, 5 SDCA
SAG AIRIFAE,SVRG AN 75 ZEAEfifi B AR eR B0 B2, TR/ T A A7 T4 55— J7 10, SVRG Wi SJ0HE 28 [1)3iE B i 72
5 T 5 B4, T DA P T SRAR IR S Ao 2 0 4 S B0AA Sl o A 1 .

IER T SVRG HA HIRL A1, Xiao 55 N\ T~ 2014 FK SVRG FH 3K A 1] 58 ) FRAF A0 AL 1) U 4E ) 21 B AT 4544
13 JEVFR 1 D0 AR A5 2k B B Ak 1) B UL BR 4 Prox-SVRG(proximal SVRG)®L 5 SVRG A [ ) 42, Prox-SVRG 44 1
DAl THUAS A A% 450 2 T 1 6 P R AT 0 Ak X b Ak B 5 5K 55 2 B AAT 1) 45 M R AK B3 RDA(regularized dual
average) /il COMID(composite objective mirror descent)®’5g¢ 44 [7. 55 SVRG —#f,Prox-SVRG 1 g ik B 5 A1t 11
WS 2 N BE LR AL L AW A KA ,SVRG FT Prox-SVRG JITAH T AR B A5 4% 2 48 AN H Ak bR 5086 58 10 1R A
T IE S AR BE LA A R AH W IE R 1T SVRG A Prox-SVRG 75 % T 486 B A5 1E BAANFEAS KR &, AN
T IEAR T AR T AN AS 22 il [ A6 FF A, BRI/ 7 22 (R W S (R0 Rt A B8 80— R 20 T R v 4
I [A) AL A58 HA 1 /2 ,SVRG FiT Prox-SVRG d5e A0 SICI8E 6 Ry 3R A5 A HOR T A8 H AT I e A BRRE AR 50 B 1 o
(RIPRAL 1) 8, I HL AT PR T SRAR G T8 1R 483 2k o K ) ),

Xt SR AR e i 45 % ) 45 A A 1) L COMID S5L92 — Fiig i (0 3% 60 AR S0 8 H 9 /2 46 COMID 5]
N7 ZET /NSRS, N I FRATT B S B T COMID ﬁ?ﬁﬂﬁﬁ%ﬁﬁiﬁﬁ@%ﬁﬂﬁ%O(l/ﬁ + az/ﬁ),,ﬂé HL T2k AR
K, 0" T 2 AZMSIOR RS IR LR UE W/ 5 2 SR 10 A k8 T AR S A B — Rl B AL AR Ak S ik
oa-MDVR.h T 3 Gl 77 4 A S B0 TS0 8] 22 9 0] 7, - MD VR 520K AR RS 3820 B A8 K 18 1IE A R R
PN T T2, XA T B ]I A8 R R BRI H B otk B B AR MR 5 A 3 T sk A
A6 H — MM AR AL 1) L o-MDVR - e % 45 21 di 0 W0 S0 2, 2 M0 S50 28 AN O T4 A 250 B G Bl SE 3R 38 i T
a-MDVR i SZ REMS 7538 ik /N J5 25 B R IR 548 CPU I [R), 3R 75 Tt COMID B R {0 S BRI 508 2.

1 RERKREHNL L F X BRI 2= R

Oy ) RS L, AR SO 8 4 2 LR REAAR
Sz{(xlsyl)a""(xmyrl)} €R"x {+] 5_1 }7
Forh (xgy) 2 AL IR] 43 A R, TE WA 353 2K R B0 A ) 8T DA 3R

min@(w), @(w)=r(w)+ lif,(w) (@))]
we n'o

Hodp weR" r(w) & 1IE WAL IR, 358 2% A B fi(w) 2 FHFE AR x, 38 B 45 2%
AT FEA 28 SVRG F Prox-SVRG 53k, WP 572 48 02 SR A e a8 ™y DI A% [l 81, DRI b, A 4 e 5 43 2K ik 002
T B, H b5 B E (w) B AT 58 R T
TR 25T XA 10 R PR SRARIEAT 1L 7210730 r R J3E T B 2 B 7 B 1 — B R A T ¥, B
W =w—1,8(w,) 2
For,g(w) 2% T DT A FEA H b5 eR L (w) 1 w, AL RBR L, 7 20 K
BEHLBG [ T B (stochastic gradient descent, fij Bk SGD)! 86 1 T B IO BENLTE 2. 5 ik 4b 15 1 4H b, SGD
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A % AR R U SR BRAN B AR X R B R B B BE FH IR G i A TR S ST AT A A R E b bR B R
SGD ¥ SR D B

W =w,—n8,w.5) 3)
A1, &,(w,, &) BT HAFEARRT LI H A5 R EAE w, A I UCRE B2, JE 1, { &) o) Ron— RGN BEMLAR 12, 5% 3 119 /2 b
AL 1 B AN AR

H T A AR R ST R 3 A1 1R, T &, (w,, &) TR HEA E AR BR B D(w ) IRBE L g(wy) I TG AR AS T AR SN AEAE TG T 2
E[| &,(w,.&) — g(w,) |[*],1X TG 5HE 23 56 i S iy e S04 %

Johnson %5 A4 H— i/ J7 25 1 75 10 SVRGHILIL 32 B3 A0 B4 F

w,=w_ —n(V& (w,_)-V& W)+ f1) )
Horr, w2 SVRG HEAT m CIEARE WK~ 35 (21, A6 SCHR (417 m WX 2n(n M ZRAEAED); V@, (w, ) 2K T HAHE
A HRREAE weoy EHITBEIE, V@ () 52 5T ANREA F b 8 A w Ak (0BG 15 A2 B I b el A o Ak i 42
T%JTE,EI],;"J:%ZH;Q(@).

5 SGD AFKE,SVRG H V@, (w, )=V @ (W) + i A T FAFEA ML R MBS R B 5B IR,
A5 7 SN B 5N T 5 OB B0 07 22 ET (V@ (w,,) = V@, (%) + f1) — g(w,) |1 1 92 LU AT A
AW PE TN T 2 EL|| &,(w,,E) — g(w, ) ] ZE/N X T SR ARG 45 Ak 1) 8 78 FE A K H e (915 0L F,SVRG
RE % 13 114 B9 11 5 DAL i Sl e

SVRG J&¥4 H b5 A B @(w) B J— A~ HE A K25 18, 20 T 45 2% bR BOR0 16 ML T0UAT 5 4% 1 R R IR 7 X Xiao 25
A ] (L) (0 10 D) AT 2K B 3 T 25 8, R 45 1 J A TIUAS A% AR 38 2 T (¥ 66 52 3347 U84 SVRG Hhisk
fipe 5 P ) SR o AR B L AT 5 A A5 LI T DU A48 2K R SR B L, - 2014 4R T Prox-SVRGEL 3L 3 2 1%
AW 3

w, = prox,y(w,_, —1v,), v, = (Vf, (w,_)) = Vf, W) (g, n) +V )
b, VI, (w,) 52 8T B REAR UK B8 LE w, AR IKIER 55 Vi, (09) 2 S AN FEAS R K bR A o AR (VDB 2 9 2

54 bR BT &i%éﬁlﬁ,ﬁﬂ,ﬁ:%iﬁ(m.

B3, 1E 72 1T SVRG M Prox-SVRG i 21 4B BEKAG 1E AN FEASBH B, AT AN AN 3 BT A3 A A, L AR Ok
ANTTZER ORI AE ARG 9 T OKR o SR R B4 4 A2 . SVRG A1 Prox-SVRG S {810 3 () 1 #8 5 f
AKL A AT 5%, AT AL e A B A H A 0 A i) 8L O ELE AT BR 3 SR A D' 1 A 453 2K o B0l i

2 FEXBRKOEAa-MDVR L

55 ) (L) 0 3 R BEATLATE Ak 1] 72
fufleig DO(w)=r(w)+E.[f(w,x)] (6)
FLrP r(w) A2 TE TR I ) A2 957 2K bR 200 E s BT AR S, 36T 2 P A2t BEATL 1l B ) B A A AR
T D7 A AT BEAR 43 BT RN SE G 56 TIE AR SCAN L8 i TR R E g S0 R (W R DG W AR B A% 2 L IE WA+
Hinge #5327, B
r(w)=||w]|1,fw.x)=max {0,1-yw'x}.
L5 1) (L) A [R] ¥4, ) BE(6) AN T 22 8] 5 B AR 5, 1] DU IR AT SRS IR L 28 2 ) D AK ) M RE A B H 78 40
DRI, 1) (1) AT LA A 1) R (6) 1) — R B AL 10T .
o TSI A 1 T Ak A i T 451 2 1] R (6), T SRR A 4k HE % K MD(mirror descent)! 1l A hy S B AL B — B 7
15, BEAL MD 1 = BLEA DR R
W, =arg rgin{mg,,w -w)+B,(w,w)} (7

we
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Ferp B3 B (w,w) 37N BRI Bregman Divergence!'™g, J& 96T S ANRE A H A5 o8 3 D(w) 1 w, A 1A OB FE (-,
Ko =N

MD 4 H A5 B D(w) 4 Jl— A AR AT A B, R T R AR 5 .

2010 4, Duchi 5 NP0} 28 it MD SEAT T S8 1 553k K S AF 57 MD 7 Jié 1) 45 ¥4 J7 10 COMID.iZ 5.
EAE AL IR, ) (0 3 R v DR AR L ) A TRAS By, AN K 458 K b 2508 A7 20 4B R T, b B (94— ) 0 T A A SR A, o 22
BEARSBNR:

w,,, =argmin{,(g,,w) +n,r(w)+ B,(w,w,)} (®)

we2

L5 MD AN A (12 g, A 13 % BB fiw,x) 75w, AR DR BZ.COMID [ 1 BERAT IS RE U 5535 1 B,

BEL

1. Input: initialize w,=0;

2.For=1to T

3. Compute g,€0f(w,x)

4. Compute w,,; via Eq.(8)

5. End for

6. Output: wyor w, =(w, +...+w;)/T.

AL S 3 VP B WL ST 3 1 2 B A b O B 0T B L ST B ARt 1 () 1 A 170 AT A 1)
SR LS 2 LB R IE N E[ @(w)—@(w)], 36w S BEAL S35 (0 A R A o S LI i A ) B LA
COMID 75 3R i A 68 — M ™ LAk 1] BN, 47 40N 58 B B

BB 1P w, SRR ¢ ORI L BE r(w))=0,B J(w,w)=|[w—w,|>, 25 K 7, =1/, BAFAEH B0 N,G W5 )
E[|wi—w+[J<N, || £i(w) |I< G, T 145

1 T 0 o
E{@(T;w,j—d?(w*)}<T(N +GY).
i COMID W S5 26 11 5 = TEAE FH 48 2% s ZBR BE I B 5 G AT #6307 TS 28 T M 5 25 0 Sl
SLTH AR (1500, TATFF ZET 8 COMID 6T~y 72 i3k (1R e S50 %, HL AR LN ik 7 2

EE 2. 4 ow, BEIEQ®)E ¢ XM B r(wl) 0,8 ,(w,w,)=||lw—w,||>, LAELEH 5L R M, ol /&
E[|[wi—w-||J<RE[[VFW)I1<M, E.[|| g,(w,.&) -VF(w) |']=0; <o*, N

1L (M*+R* o’
— g S
E{@(T?] w,j cD(w*)} N Wi ©)
FARAIE I DB 5.

S T Ak Y 9 45 2 R P o I A e R, — S O 4 R S AT O 2 T i 3 1 e It R T AR
TG — M R H AT OGIE S T BAE R MD VAR 22 R e s R U e B 2 SR FAER T
Sk AL COMID th A7 5 22 7% 3K 1 S AL e Sk 2.

T S A M A 2 A AR B T 2 SR MCSIOE A A S, M GE B 2 FRAIE B R R R ) A4S E
LU= ibETS

Uk 2
O R
MNERAS 2 BT B B R U, I R BERS AE COMID & — P ik Uil 2 EPAM‘U,, TR AT BT S e Slos
# R, A 14 COMID 5| A& 5 SVRG F1 Prox-SVRG B0k 5 22 55 08 45 31— Fh Sk A B A LA A, 1a)
(6)/*) a-MDVR i, RARPAT WFZ W~
E3% 2. o-MDVR 7.
1. Initialize: w, =0, wy=0, m=an
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2. [Iterate: for s=1,2,...
3. w=w

s—1

4. ¥ =VF(w) = iiww)

5. Wo=W,_

6. Iterate: for =1,2,....m

7. Initialize: 7, =1/\/(s—Dm+¢

8. 8=V 1,6 )=V (w.5 ) +v
9. Compute w, via Eq.(8)

10.  end

R .

11.  set w, =;§w,

| o

12, set w, =$§wt

13. end

H 2, g (w,,E) = VW, &) = V. (W,E) + VF (W), VF (W) IXUUE KT m ANFEA K b8 B e v 1) A2 5 b Ak
(A6 B L T m 2 B — A B B A AR IR T B

£j SVRG Hil Prox-SVRG /) /7 2 B AN [ ) S, a-MD VR 8 %A 1L T o B JBE A48 10 2 LR 4 BE AR A 1
5 HH 0 AR B 2 v TR ERGHS 43 FEAAE 1 5 IR FE AT SR R RE AR B 55 ok 5000 32 110 G R £ o, BRI b, 5092 2 5
B b g — Rl ik (0 BE LA AR S0k, e 3 1 7 ARGE P B e B 2 S HE— S5 SRR T 7 25 2 SR 1) B 4K 0 1)

AT U SRR G T A HI B S 5 2 R SI2 o I I 2R [V 5 000, oS B A 2 08 T8 B T P AR A
HOb SREARSH (4 L), B, ofE 5 18 1580 FE BT F IR A0 2 am e b on P FRBIR SR I RE AR B A 5 &
M o= B TEE AR I 5 75 22 ) BT A RS e B S5k b 5 22 (W4 55 SVRG 1 Prox-SVRG 584 — 3
Mo=1/n I EVERIEATH G E, B Y FRUER) COMID.Z5 b T ik A% SCH Y 1R 530925 AN SEZ o 3 47 IR 18] 70 £ 3 2% 18
T 07 72935 0] R, a6 A B9 H AT B A (R 2R 0

3 ¥ OI§

AN BEHLALAL 512 o-MDVR (R REREAT S0 50 AE . 256 I 2 10 [T A7 505 3576 Sun Fire X4170 M2 IR %5
#%(2.4GHz Intel(R) Xeon(R)ALHL#S,12G P 17,Solaris #1E R 40) Lag AT S8 b i F ) 4 A bm dE 250 P2 34 T LUK
LIBSVM W3 H 3745, H AR~ 2tk 4 http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/. 3% 1 25 T 4 M4
AR R NS

FATESCAE 4 D IRAELEE L5 IE a-MDVR J7 22 3k > S R 47 200 H B IE A 7] 2 $ ot a-MDVR P g
FR S, JF [F) I PEAC R PR RE A T A1 BB AR SER T il Je i) 4 SR AESC P BRI G — I BB AL 5 327
AEREAR, AR SEAE 4 B R BYIEAT 10 TR K 45 RS SR O B 2 At AR SC B T T S 2R
5 5 1T TR AR T DA% 2% 10 T4 B 8 I A R 80 1 B e DRI — S O A SO s B pr 280

Table 1 Standard database description
FT 1 AREEE IR
ol e IREAR MREEAR 43

astro-physics 29 882 32487 99 757
a%a 24703 7 858 123
revl 20 242 677 399 47236

mnist 60 000 10 000 780
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3.1 BUNAERIESRE
A ) H ) s a-MDVR 1 COMID 52 b J7 2208/ R B 1 ok 3 Rl Bk i) 2= B i 4 SR IR v,
A A 26 TR AR B s 9\ AR K 36 71 B0 1) T 22 (var), BRI A Y6 AC BT P (R0 B 5 A 3 2 ) 2241 (1) SF 7

6
COMID
5 COMID
P L Prox-SVRG ~ Prox-SVRG
L 4 e 0.0025-MDVR ‘2 —— 0.0025-MDVR
%3 0.05-MDVR % —— 0.05-MDVR
~ ~
S 2 N
1
0
10 20 30 40 50
JEAR S s ARUHL s
(a) a9 (b) astro-physics
10 0.20
3 COMID COMID
Prox-SVRG 0.15 Prox-SVRG
. 6 —— 0.0025-MDVR . —— 0.0025-MDVR
N . —— 0.05-MDVR S 010 —— 0.05-MDVR
5 0.05
10 20 30 40 50 10 20 30 40 50
AR s AR s
(c) mnist (d) revl

Fig.1 Variance comparison chart

1 il A

tE 1 H T LG H, a-MDVR 7 22 980/ B2 B 2 #0008 T COMID, {H LY A1 T 4 S A 4 1546 B2 1) 5 26 9/ )N
S 2 B o U K, T 2 /IS T 5 SR B (52 3 P, COMID S35 1) o UAB A U, Ho b n 2R A % Prox-SVRG
SR aUH N 1).1% 525K B, ae-MDVR BT — 5 (017 ZE 080N R
3.2 a¥fa-MDVRIEFRIEEERI M

ARSI E T FURAE 4 MR UERRE L2 R R S5 ot a-MDVR H3k 592 i P 6 1 52 0. oBUAS [F] 1R {8, 3R
TN EIEAE IR AR FE & IEBR S T T A R I RE ARSI ZE B 2(0) ™, Ma=1 I, 3R 7816 1B 5 I 75 S i ) 4
ML E A T 60 000 MFEA; Y 0=0.05 B, KRS IEBLERAFH T 3 000 A 0=0.0025 I, KR &
IEREBERHE T 150 ANFEA A J7 (2 WL, 3R AT a=0 I 1] a-MDVR £ 7x COMID 53k, B ARl B AT A0 A A 3047
FhEEAE IE.

2 0 U [ S E ) H AR B B SIU BL I EL R 2 R P e B AR BR 7R CPU I [B], AR b 2 7 H A% bR 4
{H (object value). \ & PR 0] LAFF H, 24 o045 3E I E I, a-MDVR W S50 B EE il FH 4 350 U1 20 A A 45 T 68 2 1) 5
155 DA B AN AT AA] B ARG IE B FE 1) COMID AL S50 JB2 #8 bk e 0 & 78 Bk 4 MR E P, oL 0.05
I,a-MDVR [ fig i ££.

BT BE LA 2D 3K AT 75 22 1) CPU I [) 8 AR AH [7], BRIk, S50325 (10 I [) 52 2% 3 2 AR B A S50 B0 AH )4
JE BT 5 B A0 S USRI SGH R B 2 AT LU H,a-MDVR 53 B I SI0H 5 i 26 1 R Bk e e T
COMID #32,31% 1 ] a-MDVR 4435 [¥) I [] & 2% i T A

ZREHE 3.1 WIS 3.2 WAL, AR a-MDVR 5 ZE IB/IN R IE A F] SVRG U A 4 ERAE AR (R BR,
H 2 B oA 3E BN, S AR VSIS TR 508> TR 2. 50— J5 I, 48 COMID Mg AR A R A AT B BEAE IE 45
54 TSI ] A S B0 ZE AT AR 2% R SIE o PR OSSO BE L 2 0] T SR AR DG B R AL 1] B, o-MD VR 79,
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/D J7 ZE AR RIS AT I 5] 77 10 R AT ARG ) R0, L COMID AT SR 1 S B i Sl ¢

1.0 1.0F
k o=1
0.8 a=0.05 0.8
T I — @=0.0025 2
S 0.6 o0 S 0.6
g 0.4 e g
= N LIilizzizziiiind = 0.4
] o
0.2 0.2
0.0 0.0 . . . ,
0 0.005 0.010 0.015 0.020 0 1 2 3 4 5

CPU time (s) CPU time (s)

(a) a9a (b) astro-physics

Object value
Object value

0.0 : : : :
0.05 0 1 2 3 4 5

0.0 . . . .
0 0.01 0.02 0.03 0.04

CPU time (s) CPU time (s)

(d) revl

(c) mnist

Fig.2 When « taking different values, convergence speed comparison chart of a-MDVR

B2 U RN, a-MDVR [ S JE L P
4 B %
AR SCE R L1+ Hinge™ B BLJk b B 006 18 3 T 7 6 SE W1 T COMID FL S R B 7 22 6 2% B e ke
O(YNT +%/NT ), HETi £ COMID #1317 JE /S0 # 1 T it a-MDVR S35 9 S B B T -

MDVR A4 7638 BE R/ J7 22 i R 548 CPU I i), . COMID LA B8 e 1 52 r  S10E 2.
5 3CHR[91 COMID f— 1 AL, A SCHRE HH B SRR AR 25 590 HE T 31 SR At 58 — FBE 45 2 b B00RD 1 DAL T p Ak
I R, G Y8 A S 514D 1 DU T ] T A R R e T XD L DA 453 2K R 0PI Ak 1) A

References:

[1] Tseng P. Approximation accuracy, gradient methods, and error bound for structured convex optimization. Mathematical
Programming, 2010,125(2):263-295. [doi: 10.1007/s10107-010-0394-2]

[2] Nemirovski A, Juditsky A, Lan G, Shapiro A. Robust stochastic approximation approach to stochastic programming. SIAM Journal
on Optimization, 2009,19(4):1574-1609. [doi: 10.1137/070704277]

[3] Shalev-Shwartz S, Tewari A. Stochastic methods for L1 regularized loss minimization. In: Proc. of the 26th Annual Int’l Conf. on
Machine Learning. 2009. 929-936.

[4] Johnson R, Zhang T. Accelerating stochastic gradient descent using predictive variance reduction. In: Proc. of the Advances in
Neural Information Processing Systems 26. 2013. 315-323.

[5] Shalev-Shwartz S, Zhang T. Stochastic dual coordinate ascent methods for regularized loss minimization. arXiv preprint arXiv:
1209.1873, 2012.

[6] Le Roux N, Schmidt M, Bach F. A stochastic gradient method with an exponential convergence rate for strongly convex

optimization with finite training sets. arXiv preprint, arXiv: 1202.6258, 2012.

http:// Www. jos. org. cn

© PEEREES AT



KPR SR £ R AR AR R N AL 4G R SR 2759

[7] Xiao L. Dual averaging methods for regularized stochastic learning and online optimization. In: Advances in Neural Information
Processing Systems. 2009. 2116-2124.

[8] Xiao L, Zhang T. A proximal stochastic gradient method with progressive variance reduction. arXiv: 1403.4699v1, 2014.

[9] Duchi J, Shalev-Shwartz S, Singer Y, Tewari A. Composite objective mirror descent. In: Proc. of the 23rd Annual Workshop on
Computational Learning Theory. ACM Press, 2010. 116—-128.

[10] Duchi J, Shalev-Shwartz S, Singer Y. Efficient projections onto the L1-ball for learning in high dimensions. In: Proc. of the 25th
Int’l Conf. on Machine Learning. 2008. 272-279.

[11] Beck A, Teboulle M. A fast iterative shrinkage thresholding algorithm for linear inverse problems. SIAM Journal on Imaging
Sciences, 2009,2(1):183-202. [doi: 10.1137/080716542]

[12] Nesterov Y. A method of solving a convex programming problem with convergence rate O(1/k?). Soviet Mathematics Doklady,
1983,27(2):372-376.

[13] Bottou L. Stochastic Gradient Descent Tricks. Neural Networks: Tricks of the Trade. Berlin, Heidelberg: Springer-Verlag, 2012.
421-436. [doi: 10.1007/978-3-642-35289-8 25]

[14] Beck A, Teboulle M. Mirror descent and nonlinear projected subgradient methods for convex optimization. Operations Research
Letters, 2003,31(3):167-175. [doi: 10.1016/S0167-6377(02)00231-6]

[15] Bregman LM. The relaxation method of finding the common point of convex sets and its application to the solution of problems in
convex programming. USSR Computational Mathematics and Mathematical Physics, 1967,7(3):200-217. [doi: 10.1016/0041-5553
(67)90040-7]

[16] Hazan E, Kale S. Beyond the regret minimization barrier: An optimal algorithm for stochastic strongly convex optimization.
Journal of Machine Learning Research, 2014,15(1):2489-2512.

[17] Lan G. An optimal method for stochastic composite optimization. Mathematical Programming, Series A, 2012,133(1-2):365-397.
[doi: 10.1007/s10107-010-0434-y]

[18] Shalev-Shwartz S, Singer Y, Srebro N. Pegasos: Primal estimated sub-gradient solver for SVM. Mathematical Programming, 2011,
127(1):3-30. [doi: 10.1007/s10107-010-0420-4]

[19] Lin QH, Chen X, Pefia J. A sparsity preserving stochastic gradient method for composite optimization. Manuscript, Carnegie

Mellon University, 2011. 15213.

BfsR:EIE 2 BYIERR
T 2K B, (w,w,)=|lw—w, [P AR (8 I R IR AR L 38 Oy

wt+1=argmin{n,(gt(w,,§t),w)+77t/1||w||1+||w—w,||2}.
A w=w. H r'(w,)=0r(w,), U1 [ — ¥ Db FE4AF T
N W, E)Hn ' Wi )TV o(wi )=V o(w),w—w) =0 (10)
R 1 b 25 M AT A AN o
L w) = LWl +n,lr(w,, ) —r(w)I< 1w, — w8, (W, &) +17,(w,. —w,,r' (W)
=170, =W, 8 (W, SN + 11, (W, . — W, g, (W, 6)) +
W —w.,r'(w,,)
=0,(w, =W, 8 (W, &) — (W, —w,_ .08 (W, &) +nr'(w,)+ (1
Vow,,)=Vow))+(w,—w, .Vow,,)-Vew,))
<nw -w, .8 W, EN+w, —w, . Vow,)-Vow))
=0,w, = w1, 8 (W, 5N+ (W —w,.n,8 (W, &) +1,r (W)
TR — AR A AR (10)8 2], AZ%RADAE N

© PERREERSMROT  httpy/ www. jos. org. cn



2760 Journal of Software #4F5¥k Vol.26, No.11, November 2015

nt[f:(w:) 7]2("’*)] + U,[V(WM) - I"(W*)] < 77t<wt - wl+19gt(wl’§t)> + <W, - wt+1’V¢(wt+l) - V¢)(W,)>
= 77z<wr - wl+1’gt(wt’§t) - VF(W;)) + 77:<wz - WH],VF(W[» +
B(p(w* - wt) - Bq:(w* - wt+1) _B(p(wt+1 - wt)

=77t<\/nT(W, _wt+l)’\/’77'(gt(wt’§t)_VF(wt))>+

n: <\/’7T(wx - wt+l)’\/EVF(wt)> ib.

B(p(w* - W,) - Bq)(w* x+1) B (wr+1 4 wt)

1
7 H W, =W ”2 +1, ” g,(w,,ft)fFF(w,) H2

Yl
<77t L 2 +

. (12)
o 1w, = w,, I+, | VF(w) |

A 5 +

B (w*iw)fB (W* t+1) B (wt+17wt)

*Hw W |+ IIg,(wﬂé) VEw)| += IIW Wl +

77 2 2 2 2
TUNVFm) I +lwe—w, " =llw = w7 =W —w, |l
2

=B,(w.—w)~-B,(w, - t+1)+ 18,(w,.6)=VF W) +

2
V)P
%2 /I\K%fcmwaawl,bw»éazuwl||2+b2||w2||2 53 ~|J,4</é>fc(12)ﬂﬁiﬂlrd BB LA 1/ 3, T 45

L0048 ;00 = F(9) S = B (w0 w,) ~— B, (w2, ,,) + 'ug,(wt, - VFw,) | +
77[ 77! (13)
% IVFOw) I +—[r0w,) = r(w,,,)]
n

t

BAMEBE ENVFW)I1SM, [l g (w,.8) = VF(w) IF1= 07 < o, XA (13) P i HUWEIF M =1 1
T KA 15 21
T
DEL,w)+r0w) — fi(w) = r(w)] <

M~

2 T 1Z
B (W*, t+1):| 277, +7Z’7t012 +
7, =1 245

t

E{ B,(w.,w,) -
7,

t

[}"(W,) - }"(WHI)]

3]

_.g

1 1
—B,(w.,w) + D B, (Wi, w, )[]B (We,wp, )+
771 1 Z T r ™ (14)

M? 1<
7277, + EZmaf +r(w) = r(w,,)

\iB (W*,W1)+ZB (W*aw)(J 7277: ZT:UtO-t2+
m t:l

o M
r(w,)

© PERREERSMROT  httpy/ www. jos. org. cn



KON SR g £ R AR AR R IR AL 4G R Sk 2761

HL B y(,w,)=] | ET[ w1 —wel 1< R,r(w1)=0, 7, =1/t g Zm Z—<2\/_ UEER

ZE[f(w)+r(w) L w)—r(w)]<— B(w*,w1)+ZB (w*,w)[——L]+

T

_2771 27716 +I"(W1) (15)
<(M2+R2)ﬁ+5277,a,2
t=1
MIRATHE 2 1) 5 22 LR o, AN (1528
ZT:E[ft(wt)+r(w,)—ft(w*)—r(w*)] <M +R2)\/7+%i77,02 <M?+ROWT +T (16)
ANFEX (16) Byl [ I I LA 1/T:
1 - (M?*+R?)

1Z T -
;;E[fz(wz)‘i'r(wz)_fz(”’*)_I"(W* ;;E P(W,)_P(W*)]\Tq.ﬁ .

mﬁ&@ﬁﬁﬁﬁﬁ{f’@iw[ﬂ %iP(w) R
=1 =1
5. .

RANVEE (1989 —), 55, e BTN A,
BT FCATI A AR 2R, N T R

BRE (1990 —), 5 A+, F AT FT 4R K
A A B EL A DL 27 T R

BRI, B B

BB (1965 —), 5, 1 4, oz, 1+ 74 S0l
CCF 24 01, E B AT ML 24 >,

© PEEREES AT

fEEE 1978 —), 59,18 L, PRIW, = 2o
AT A A 2R, O A B B U AE DL
2 RN

http:// Www. jos. org. cn




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 350
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [3600 3600]
  /PageSize [612.000 792.000]
>> setpagedevice


