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Local Search Algorithm for Solving #SMT Problem

ZHOU Jun-Ping, LI Rui-Zhi, ZENG Zhi-Yong, YIN Ming-Hao

(School of Computer Science and Information Technology, Northeast Normal University, Changchun 130117, China)

Abstract: #SMT problem is an extension of SMT problem. It needs to compute the number of satisfiable solutions for a given first-order
logic formula. Now the problem has been widely applied in the compiler optimization, hardware design, software verification, and
automated reasoning. With widespread application of #SMT problem, the design of #SMT solver for large-scale instances is needed. This
work presents a design of an approximate solver (VolComputeWithLocalSearch) for solving large-scale #SMT instances. It adds the
differential evolution algorithm into the existing exact solution algorithm for #SMT, and gives the approximate solution by calling the
volume calculation tool ghull. The algorithm reduces the number of volume calculations by bunch rule and enumerates all regions with
solutions by differential evolution algorithm. This paper also proves in theory that the solution of new algorithm is the lower bound of the
exact solution, thus it can be used in software testing and other fields which only need to know the lower bound. The experimental results
show that VolComputeWithLocalSearch solver is stable, fast, and has a good performance in high dimension problems.

Key words: #SMT; satisfiability; differential evolution; linear formulation

« HEWH: FERARRFEFE (61370156, 61403076, 61403077); 45 2 A - 24 R & TRHIT 3L 4:(20120043120017); 3ttt
ATE A SR RINCET-13-0724); 354k KB RF {3 3 45 365 40 3505 H (20150623024TC-03)

Foundation item: National Natural Science Foundation of China (61370156, 61403076, 61403077); Research Fund for the Doctoral
Program of Higher Education (20120043120017); Program for New Century Excellent Talents in University (NCET-13-0724); The
Large-scale Scientific Instrment and Equipment Sharing Project of Jilin Province(20150623024TC-03)

WARI ) 2015-04-01; &S [H]: 2015-05-08; K FH I [H): 2015-05-16



2186 Journal of Software M3 Vol.27, No.9, September 2016

i T AL ) (TR R SAT 1) ) A v S ALR 27 S0 1) B BEAIF 91 ) 2 — A N B — MR B A NP 5842
{16 i AU 22 S ) U L . A Bl BRI . BR BRI A A A AT R DA 22 I ) A e
SAT [a] UHEAT SR Af AH 1T SAT 1] 4881 DA iy 70 3& 5 28 30 Ab B 42, 1 29 7 L4 58 ) A4 52 UK ) B B 77
SAT [a] 8 i) . FH A5 Gnn e RTL WL 8% b, BT SAT SRR A8 104 5 )= 0BG, F A 2045 TR A Il e 25 2R DR a1 38
5 2L [ I 184 0 1) A0 (e AR A2 A e, AT S S0 88 S AN sl L 18 o 078 11 22 1) 5 1 i) I 20 Ak it B L il f8, LA
— B A A 2 A HIG G ) R A AR R (TR SMT [l @) 3R15 T 12 i . 1 F R A - g i s =, 3L
A fig 7 5 5, PT DA A — A B ST R 3 ] ) A S8 T L BB A% S I A B S B AR SRR Y ) B a8 DA, SMT
W B A SN R N AT S HOREL,SMT D8 V2 N RO E . SR HEWT . PR ER SR A
TR B A P FRIAE ) BB e 5 4 Intel AT AMD 23 5 A SMT SR il 28 56 UE F 8 11 1030 B 104 20k
TR 4 SMT SR AFEH A B 8 ARG 43 4 T B A P70,

SMT i) #5 ) — Fh 3z Ak o) B2 7150 SMT o) SU(F FR#SMIT i) ), 1% o) AEAN B0 75 B 4k 38— 41 Al /L 45 s 1 —
B 38 2 2 330 W ST S AL 45 18 1) — B i B 2 ST A AR TR A 2, DR ke # ST i) A8 178 8t 3 T SMIT i 7, He o
QN RHP (1. R O PA#SMT [ N L e B0 LR AR 22 00Ul 4R 1 5 R 3 14D 58 i) A9 - 7 A2 DU
TR, VB AL AR PR A B0 AT DL e S MIT (] kAT S A F F I 12 vl L, AT DUR FH#SMT SR fif o A
FH A8 Ay AT ) VLI A 0 3K 2 LB AT U AR BT AT A48 R 2 9 H % 1) AR 3 AR #SMIT ) B[R A 5
CA TR BT AL, B AEFESE NGt T — RIS i SR AR#SMT 18 J7 325, (I K A 2% L RE SK Al /)N
Py 2 M i S DRD ke, S AT S AR AR KB A #SMIT il fBL ., 4] 5 AR A 3t 25t #SMIT ) J38 F) 30 AL O 38 4k 1
AL

KT T —F SR AR KB I#SMT 0] R ) 8L SR A7 35 FRAT TR AT (R#SMT R ff S i S92 1 = Atk
NZE AL F L IR T — Mo 5588 R H 7% VolComputeWithLocalSearch, il i3 i F A& R & T 2 ghull, i3k
T 45 H#SMT i) 70 (R ABLAE . 55092 SR R T A 0 U)ol 2> A R T 8 P ok S, 222 3 8 A 7 ¥ Rl b A 28 25 A A 1Y) X
RTINS LIEW] T VolComputeWithLocalSearch 57545 2 f#SMT T LU A2 8 1 i 1 Jt st &5 IR 3%
H1,VolComputeWithLocalSearch 27 = 4 1) L AT 1R 4 1 R B

A LT A 58 S 2 14 R T ZE 0 AL R #SMIT ) RS At 500 588 3 10 45 HY S &5 SRIF 0 i
5 45 HH A SO RS R SR IR AR DG T4,

1 HERB

SN T A AR 3K 3 4y 5 AR SORE SR I S AR M A AT R, B T R R 7 R T (>0) R s A R AR R
vi(i>0) Iy Fon B A i, o /R BLAE A 5 AW, AR SC VRS0 RL 75 2 Mk SR B2 (R #SMIT ) f, B — i@ 4 0
3 1 R B0 A% 0 RIS 1) A8 TG K 28 T AR O A S 3 B, S BSOR A R 2R 70 AR i 2 ) (R 45 VR A A 38 S AR (B
WL, S HOMBARIZERF WA ) #SMT 241,

EX 1. B X={x1,x0,....%,} AT KRB RAES & XAE X i FAETRAE 2 B8 B X— {true,false} A FAE R A
LU n oA R R R, I AALE X 474 2" AN AN R ) BRI

EX 2. B x MR R x s 2SR x R IE ST, R OO SCFE x EE N true
1 HACU AT IR A 5 x WA A true; SCF—x MIELAE A true 9 HA M4 /R AR B x WAEAY false.

EX 3. FH C=lvhyv.. vl LD, L RS R C AL M B M B D — AT L <i<k)IR{E
A true.

EX 4. FHWAEAK(FFR CNF {5 K)F=CIACA. . AC,H T ,C1,C,....,.Coa 7 H).CNF Ju X F R 2 2 HAL S 5
— AR AT AL

FEX 5. 45 CNF B3 Ful 50 F Al 2 00 JTAE IGRAE AN 55000 el AR Sy A5 0 U 450 i)

EX 6. —HEEARpRIEHMEEREGNMEAR., MEFERSREERE, @uEESHELR. 15
e U ) AR e DL RO A I R R A R A 5K



A SR ARHSMT 2844 By 3R3% & ok 2187

EX 7. 4558 W2 A X o n] il L PEATEIE [ BRI RR SMT In) #) 2 8 FI 45 52 1) — I 2 8 A X e WA
T AT AL AR 1) )

EX 8. %4 A @#SMT [0 UL FR THE — B i@ 58 2 X on] i 2 il 1> £ o) 2.

FEASCH IRAT RS M H AR IR (#SMT ) 81, B, — 32 58 2 X v (1) o 0028 50 A 1] 28 e 1) 28 70
G R B R SEEORIAT IR 2R B AR S 2 TA) IR 45 AR A A I8 38 B4 () an A B S 5 O RS S0 (499
) IIHSMT 4. o5 Ab % A5 2 1 R B I#SMT SE 41,6 AT LA R s o — A ONF 18 30X 0 1,x00,%3, -+ 0X),
Horp A /RAZE xi=expriy op exprip(i=1,....n).expry M exprip JELNEF AL op BT, HllN“< = 45,

Bl 1: 45 58 #SMT 52 B o=(((+2v<1)—(20<y))v(¥<50))A((20<y)>—=(v>4)A(v<50)), il it 5| A A /R 4% &
x1=(+2v<1), e expri=y+2v,expri;=1,0p A< H AR Pro:

x=(+2v<l)
x, =(20<y);
X, =>4
x, = (v<50);
] LUE#SMT 261 R 7n 3 CNF JB 3, B 565 2 F'=((x;—x2)va) A —>—xsaxg), 0 16 J5 #4421 CNF JE:
F=(—x1Vaovx ) A(—xov—x3)A(—xpviay).
FEX 9. W —AJU IR AR T ST 1) 8 BT e 12 LA 4 1) 1N 508, D00 12 L AR A4 R A/ o™ 1 44
TERR 1. ek 2 IR JU AR AR B A A AT B A T THI A
T LA SR T SR II#SMT [l @, e S Br b2 o8 55— B i 4 23 20 T8 R ooy T A4 R A4 B, S 43X
A 170 50 A, 5 A TR 5 ) A 28 L 1 o T AR AR AR TH 5 ) R
EX 10, W X={x1,%0,... %, & — DM RBEES, 2RISR X BRI AE AR S # AT — IR AR IR
(EMVRAE A true BY false), &8 73 WAEL A X X EIER A AR /R AL IR(E D true BY false. FATH M it o= {11, 55,... }
IR AN EARE, o8 2 — AR IR, BUE 2 — AN L b m i o P AR R T E [ I EAEA N true.
EX . 45w — M@ A X of H XN [ CNF Y830 FF B0 2 AE 2 F8 9 2 CNF a2 F, 8] I3l A2 ol
T R ER I E A R
MNES 2 1, A0 JO R U B FRATIRR CNF 65X F 1) R AL T {EL A2 48 BE W A2 CNF S5 3K F 300 AL ot S B e
) ELAE A, 53 40, 60T CNF 5 F AT BB AR AR I, — A2 21 o 2 20 WL 41 2.
Bl 2:% & H] 1 HIIHSMT 526 o=((+2v<1)=>(20<0)V(¥<50)A((20<y)>—(v>4)A(v<50)), L F 75 CNF
W2 F=(— vap Vg A (= v—s ) A (= v ). AT AT LA 31— AN BUE E o= {—x),—x,—,—g ), L,
x=(+2v<ly
x, =(20<y);
X, =(>4);
x, = (v<50);

B AP EE A ERA /N
x=(Q+2v=1)
x, = (20 = y);
x=v<4)
x, =(v=50);

TN FATAT LU B anl LA A2 CNF 53K FAE T Fl g 4776 01 58, S0 2 o 1 S B0 a2 F
1) T A T

2 BT EHHLB#SMT BBk BE %

#SMT i) il A2 SR A SMIT S 451 () 7 i A Aff> S0P 1 L, A L A7 S 480 [ il )t 2 ) 2% ) RS o o —



2188 Journal of Software M3 Vol.27, No.9, September 2016

AN TEEEARFR I 1) B T AR AR A3 — TSURE IR A, 3X AN 3 B2 Dyer M1 Frieze 1iF B A& #P-hard (110 R it 40 4o
IR0 PR B TR I K R 4 v S s R BT T AR L 50 A0 6 T-#SMIT i it 1) AL S AR, 2 0 i 8 DI T e A 28 %
AN AR DRI, R 4 v VR RS P R E AR AR SO I R T 2E O E A I HSMT ) i K i A
VolComputeWithLocalSearch R[I R IR KL I A g 2D PR RRUH S 1K KL 22 43 1A D7 ok DR 028 45 AN A1 iRt )
X 35,
Bl 14 T 5T 220 3E A FI#SMT ) K i 5% VolComputeWithLocalSearch ¥4 A& HE 4.

B £ 1. VolComputeWithLocalSearch( ).

N HSMT(LAC) 151

1t HSMT(LAC) SEH @l AR TR 1,

1: V=05

2 ¥ M2 X e i CNF S5t F;
3: while TRUE do

4: — if BCP==CONFLICT then

S: backtrack level=AnalyzeConflict();

6: if backtrack level<0 then

7: [ return V;

8: [F138 2] backtrack_level,

9: — else

10: o= i IR E

11: if oFF then

12: — if ofE S AU then
13: [T 2 E— APz,

14: = else

15: for I3 lieado

16: i 1, J A Yo A L e AR then
: a=a-{li};

18: I: if ' EF then

19: o=a';

20: T4 G Vertex=DE(a);

21: Vt=qhull(Vertex);

22: - AR — AT AN AR F oy
23: else

24: L HePE— AN RAS T R 2 T A
25: end

Fig.1 Algorithm VolComputeWithLocalSearch based on differential evolution for #SMT problem
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Fig.2 Subprocedure of differential evolution
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B RILA 4 N 3X 4 AT 43 5l AN [ (0 R B2 30 S0 K v B RE O o R B DA R R 1k
3.1 VolComputeWithLocalSearch® j% 5#5 1 B 58 L&

2 S5 10 3B H ) 3 I 6] B S5, 2% %% VolCompute WithLocalSearch 5792 1+ 5 AE ) R 6 IF S35 K 451
2k BUERE I B R S AR S50 P K 4 5 SOk (814 HH FI#SMT ¥ Hf 575 VolComputeBunches #E4T E 4, s 46
T AT S 40Kk T SCHR[8].348 1 45 HE T VolComputeWithLocalSearch 512 5 ¥5 Bl 5Lk 10 LR 45 IR AE R vh S 56
S R ULVRF 2 O R IR onf RN T CNF 23 UK ) 5,y 2R 5200 i 4 200 AR 80 vT LA RS ot 02
VolComputeBunches H H8 3K fift J\ 4 DL P9 (19 552 45 F1 358 43 J\ 4 52 5] . 5 K 6 52 ¥% VolComputeBunches Lt
% ,VolComputeWithLocalSearch % v 38 B 45t 47 1) 52 4 7] LLIE BRS 66 {E 1) 80% 22 47 . 3 4, VolCompute With
LocalSearch £1% ()TH5 45 )/ T ks i 573% VolComputeBunches, X B 7E— @ F2 & LA T VolComputeWith
LocalSearch 572 3 H 1) 45 L& R i {E 1) T St
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Table 1 Compare of algorithm VolComputeWithLocalSearch and exact algorithm
F 1 VolComputeWithLocalSearch 572 5 85 i 592 (1) Lb 88

cnf’ v VolComputeBunches VolComputeWithLocalSearch
20 5 5.86E+11 4.7E+11
40 15 - 1.66E+27
20 8 2.71E+18 3.99E+17
50 10 - 1.16E+21
40 5 4.02E+10 1.11E+10
40 5 3.84E+10 1.52E+10
50 8 - 4.01E+11
100 8 - 8.7E+14
50 9 - 1.26E+15
80 8 5.23E+18 3.21E+17

3.2 VolComputeWithLocalSearch® 3% A+ & 4 48 5016

A S H B 2R 56 AE VolComputeWithLocalSearch 575 i vH 5B GE ) LA s vk VERE B9 IR 2= IR £
SRAFHSMT [ LIRS o5 S SEASMT S90S B FK) CNF {3 F A ] il AL AL CNF 3 PR Al B2 00 SR AR #SMIT i) it
A 5 R, DR AR A S5 o BT 38 4% CONF 0 3 7 Ay RIS e 1 LU AR AE 4~5 2 1) (AR A8 X 318231 R sy Sty
96 41,3 2~3 8 4 HI T S0 1) 4 SR AER P instance F7R SEA) 44 TR, P 3R SEAF) BTV ) CNF S 20 H AR /N4
cls F TR A Frxt B CNF §8 2 RN 1V 278 2401 1 4 450, LB 227K VolCompute WithLocalSearch £ 111
65 BB E0E R IR), Time 71k VolComputeWithLocalSearch 5735 i 1 5L FE (A JE ), R 78 T A S BRI
B AN HUN LA AR 3R 2~38 5 s T, 8 3 Y ) AN EORITAR 52N B30 U A ANAR, S 461 00) 4 30088, -2 i)+ ) A
HOFN AR B AN HOT LU AR 3G 00 75 & 2 BT 7 AN SE A 4R BT v (AN LB 1 9 AN S ) 4B V(A
N S.AEFR 7 BIEE AT A BORM AR S AN ER DA RN SE A9 1 4 B0 AR CNF 35 X R BB AN By K FESR 8 1)
B v R AN BRI AR N B B R S 48] 1) AR AN AR ST 451 1) 4 0K AN BT 19

% 2 45 T VolComputeWithLocalSearch 52 7E r=4 W PITHE 45 R NR P ITHEE R LB 1 8ds &,
PATTATLAA H VolComputeWithLocalSearch 5.3 TV 0] ATHE H Y r=4 4E 40 55 #SMT Jn) 8 AR b (1315
i a] B A1) LLE Y, VolComputeWithLocalSearch 5322 (1) 1 55 ) 1] 55 4E #0 3EA< b F B ok &.

Table 2 Results of algorithm VolComputeWithLocalSearch with r=4
Fz 2 4 r=4 it},VolComputeWithLocalSearch 55 7147 45 #

Instance PclsV LB Time
936 4 9364 8.91E+08 21

9365 9365 4.3E+11 66

936 6 9366 5.52E+13 71

936 7 9367 9.83E+15 129

936 8 9368 1.56E+18 370

9369 9369 1.09E+20 2219
9 36 10 93610 3.16E+21 7199
9 36 15 93615 4.89E+26 8 042
9 36 20 93620 3.46E+32 5667
9 36 25 93625 4.52E+37 7532
9 36 30 93630 1.38E+39 6168
9 36 35 93635 2.12E+39 4368
9 36_40 93640 1.02E+39 5815
9 36 45 93645 2.38E+39 6176
9 36 50 93650 2.04E+39 8 853
9 36 55 93655 1.02E+39 10514

% 3 45 T VolComputeWithLocalSearch SLi%E7E r=4.33 I [+ 5 45 R R P 545 R LB %8s LF,
TATTT LA H 2 r=4.33 I}, VolComputeWithLocalSearch &3 L2 T LA HH 4E S0 55 (I#SMT 5] B A& P i
PSS A] =3 AT 0] LA Y, VolComputeWithLocalSearch 53576 o 5 i) b FL A7 3 bl 34
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Table 3 Results of algorithm VolComputeWithLocalSearch with =4.33
F3 4 r=4.33 i, VolComputeWithLocalSearch 572: [ i1 5. 45 I}

Instance PclsV LB Time
9394 9394 1.37E+09 39

9395 9395 3.46E+11 62

9396 9396 2.62E+13 30

9397 9397 2.13E+15 %

9398 9398 2.21E+18 527
9399 9399 2.24E+20 3859
939 10 93910 3.4E+21 5266
939 15 93915 3.91E+26 7 106
939 20 93920 2.31E+31 4534
939 25 93925 9.51E+37 7 048
939 30 93930 7.31E+38 3828
9 39 35 93935 3.06E+39 5580
9 39 40 93940 1.36E+39 6 090
9 39 45 93945 2.04E+39 6 944
9 39 50 93950 1.7E+39 8 059
9 39 55 939 55 1.36E+39 7 848

% 4 451 T VolComputeWithLocalSearch BYEYE r=4.67 I B8 45 B NFR P T 45 580 LB i -
H, RN LAY =4.67 I}, VolComputeWithLocalSearch %t 7] LA 5 4E 502 55 [#SMT Jr) L. A 36
FTH S 0] L 34T AT BAE HE, VolCompute WithLocalSearch 49275 H 530 B 1) L th FL AT o 14 a3

Table 4 Results of algorithm VolComputeWithLocalSearch with r=4.67
FT 4 2 r=4.67 I}, VolComputeWithLocalSearch &i2: [ 11 5 45

Instance PclsV LB Time
942 4 9424 8.99E+08 22

9425 9425 3.31E+11 53

942 6 9426 1.63E+13 12

9427 9427 1.13E+16 98

9 42 8 9428 5.12E+17 199

9429 9429 1.18E+20 2126
9 42 10 94210 3.47E+21 6032
942 15 94215 7.24E+26 8 281
9 42 20 94220 3.12E+32 4738
9 42 25 94225 7.36E+36 3546
9 42 30 94230 1.71E+39 4 964
9 42 35 94235 3.81E+39 5908
9 42 40 942 40 3.4E+39 7503
9 42 45 94245 2.38E+39 6231
9 42 50 94250 1.7E+39 4418
9 42 55 942 55 1.7E+39 6 960

% 5 451 T VolComputeWithLocalSearch SiEYE r=5 W HITHHE 45 B NR P TR LR LB F%dE BF,
AT LA H Y =5 I, VolComputeWithLocalSearch 5.2t 1] LU H 4 2002 55 MI#SMT (7] @l 36 1 11 55
i 18] 3 AT AT L Y, VolComputeWithLocalSearch S5y 7E V14 i 0] Lty L A7 330 1 B 3.

Table 5 Results of algorithm VolComputeWithLocalSearch with =5
£S5 2 r=5 I VolComputeWithLocalSearch &iZ 1) v 5. 45 4t

Instance Pcls V LB Time
9 45 4 9454 2.63E+08 21
9455 9455 1.24E+11 42
945 6 9456 4.27E+13 79
945 7 9457 7.45E+15 99
9 45 8 9458 4.46E+17 196
9459 9459 7.2E+19 1189
9 4510 94510 3.08E+21 4 949
9 4515 94515 2.52E+26 5776
9 45 20 94520 1.05E+33 4795
9 45 25 94525 4.35E+38 4647
9 45 30 945 30 1.77E+39 4232
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Table 5 Results of algorithm VolComputeWithLocalSearch with =5 (Continued)
5 =5 VolComputeWithLocalSearch £77%: [ 1157 45 H (4k)

Instance PclsV LB Time
9 45 35 94535 2.72E+39 4308
9 45 40 94540 2.04E+39 6 499
9 45 45 94545 2.72E+39 6 656
9 45 50 94550 1.7E+39 4393
9 45 55 945 55 1.7E+39 6468

6 L T 2~3 5 I PAT IN TR ) ) LE.
Table 6 Compare of run time from Table 2 to Table 5
RO K 2~3K 5 M AT I A ) X EE

PV r=4 r=4.33 r=4.67 =5
9 4 21 39 22 21
9 5 66 62 53 42
9 6 71 30 12 79
9 7 129 97 98 99
9 8 370 527 199 196
9 9 2219 3159 2126 1189
9 10 7 199 5266 6032 4949
9 15 8 042 7 106 8281 5776
9 20 5667 4534 4738 4795
9% 25 7532 7 048 3 546 4 647
9 30 6168 3 828 4964 4232
9 35 4368 5580 5908 4308
9 40 5815 6 090 7503 6499
9 45 6176 6 944 6231 6 656
9 50 8 853 8 059 4418 4393
9 55 10 514 7 848 6 960 6 468

R T CAAE 2 S i 2 20k 9 1, VolComputeWithLocalSearch 5 IR HAT I 18] A48 T 58 K IR 8.
4k I, VolComputeWithLocalSearch SVEAE =4 AT I 0] de K AEFEFPRESE Lt Ui ] T#SMT ) @i4E =4
W SR A28 7 45 H T 24 V=50 B, VolComputeWithLocalSearch 5323 (K 1H 5 45 N Z Fh ] LG W Bl Sz 4]
(1 K0, S50V R R T BT ) R 30 T 3289 AS 72 - 38 1 A ] At m DA R B A5 0 ml DA UF S5 R 4E 5000 50 1) s,

Table 7 Results of algorithm VolComputeWithLocalSearch with V=50
R 7 2 V=50 I} VolComputeWithLocalSearch 5 i )15 45 3

Instance PclsV LB Time
10 42 50 10 42 50 3.4E+38 2947
11_46_50 11 46 50 1.63E+19 1988
12 50 50 12 50 50 1.39E+24 348
13 54 50 13 54 50 1.44E+19 996
14 59 50 14 59 50 2.1E+22 798
15 63 50 1563 50 9.35E+16 955
16 69 50 16 69 50 1.41E+09 935
17_73 50 17 73 50 1.54E+13 1754
18 78 50 18 78 50 4.88E+20 3761
19 85 50 19 85 50 1.77E+13 3632

F*x 8 AH T Y P=15,=4.27 i, VolComputeWithLocalSearch 5y [ 1155 45 B 70 2% b Fr AT sl iy 4 5 ip v
B SR BT E LR LB 4R B, 3RATTAT LIS VolComputeWithLocalSearch $.9%: £ 48 1] LA
THA H 4R 45002 50 FI#SMT )l AR 11 v 5[] _E 7T B H, VolCompute WithLocal Search 532 (1 7F &I 1] 5
PRI RO R.
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Table 8 Results of algorithm VolComputeWithLocalSearch with P=15, =4.27
T8 4 P=15,=4.27 I} ,VolComputeWithLocalSearch %% [ 1 5 &5

Instance PclsV LB Time
15 64 5 15645 8.76E+08 4
15 64 10 1564 10 2.5E+16 187
15 64 15 1564 15 1.49E+15 299
15 64 20 15 64 20 2.78E+30 424
15 64 25 1564 25 2.71E+25 316
15_64 30 15 64 30 6.19E+19 548
15 64 35 1564 35 2.35E+20 848
15_64 40 15 64 40 3.4E+38 3319
15_64 45 15 64 45 3.81E+18 858
15 64 50 15 64 50 3.46E+15 1 005

% L Brids, VolComputeWithLocalSearch 557 B i &b BE 45 R R Ay 1m) i, HL 35032 1 v S RE I 55 S0 ) o 4 L
HIMHI IR, 5 T A B A BN SO RN K IR E 2~ 5 HF BN o] DLIE 51, BRI T EOR I 5 52 )
YEROH ORI R 7 h B AR AR KRR R EHERR T 5 SE 4 11 AU BRI A4S s NSO S R R 8 il e — PR E T
RN ERE I 5 M SR AR SR, S T AR BN R K.

M F 45 3 VolComputeWithLocalSearch 572 [ vH 5 fit 112 vl LAF 55 4E1).

3.3 VolComputeWithLocalSearch® % B45 i & 5018

ARSI 1) H 1 & 7% %% VolComputeWithLocalSearch 532 [RGB AE S0 2K 10047 25 T SR e = B (R AR AR
4% DirectMonteCarloMethod )% Eb 5256 60 2 T 5245 B 11 44 AR 1 8. 5292 DirectMonteCarloMethod 42— Ff
28 LR AR R VT S Bk R SRR FH SR S Vv R AL 50 ) Hb 7 24 SRS B P A B T s, A 5 BB — o 0 1) PR A
BRAR FEBRARTE S T00 R 25 B P 88 Al SRR FRATTAE 2 38 b B B0 0 520 1 BT SCiBR[26),8 9 4T
VolComputeWithLocalSearch 7% 5 DirectMonteCarloMethod 575 ity LL 18 45 S AE 3R v Vol 2% 7 S5 ) S Fom AR
CRIVE 2 T ), Time 3R 8 VHHFERT Ratio 3R /K51 1 (V2 7H 5 1 45 R 5 R 0 R BRI BUARD). AR vh T LU
i, VolCompute WithLocalSearch 5035 RS i B #IA B T 95% LA L.

15 5 %75 DirectMonteCarloMethod ¥ fff & it L ¢ _I+,VolComputeWithLocalSearch SRR T A Samplel,
Sample5,Sample6 BE AL T 5.7% DirectMonteCarloMethod, 7E H At 55 1] b 35 45 %52 0K Wi B 119 38 & 0 X T 5 46
Sample3 A5 E M IE KR HT 0.01777 #2551 0.95321. 76 75 FE N J5 [H, Vol Compute WithLocalSearch 4572 U 4= [ £t
Jtt T+ DirectMonteCarloMethod $7i, 5 K ¥4 i i B 2935 95.8%(5Z 1] SampleS).

Table 9 Compare of accuracy of algorithm VolComputeWithLocalSearch and DirectMonteCarloMethod
% 9 VolComputeWithLocalSearch 55 DirectMonteCarloMethod 7E A% fffi & 7 T Y Lb 48 45 51

DirectMonteCarloMethod VolComputeWithLocalSearch
Vol - 5 - -

Ratio Time Ratio Time
Samplel 253 0.998 54 873.838 0.993 50 190.891
Sample2 20 000 0.642 20 1 882.048 0.999 68 159.683
Sample3 400 0.011 06 643.291 0.994 37 95.292
Sample4 20 000 0.998 02 1 664.748 0.999 70 89.452
Sample5 1 600 000 000 0.996 26 1 963.366 0.960 01 164.553
Sample6 2763562.5 0.999 19 2039.159 0.993 60 174.18
Sample7 235200 000 0.017 77 2135.570 0.953 21 172.027
Sample8 12916.66699 0.443 85 2028.618 0.999 54 85.446

3.4 VolComputeWithLocalSearch® % B9%& F 45518

ARSI H 52 2% %2 VolComputeWithLocalSearch 5y (58 i€ P AF S 46+, [RAE 5 38 1 545 R B AR B
B DirectMonteCarloMethod 7 BEAT L5 JATTZE 5256 v BT FH 21 1 S sl 29 1 B T SCHR[26], B A SE 1 9E4T 10
WKHE K SER 43 e 3% VolComputeWithLocalSearch £77%F1 DirectMonteCarloMethod %v2: 171 55 45 JL AT I
8.8 10, & 11 4H T VolComputeWithLocalSearch 7725 DirectMonteCarloMethod .72 1) F5 5 P S 36 45 R,
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Horb Ratio JBIEWIRS I E (VF 5 45 B 5 B SE ) EUAH), Time R s FEI  Average & ¥5 10 FE /P Y9 {H, Variance 2
R 77 2%
Table 10 Results of stability of algorithm VolComputeWithLocalSearch
% 10 VolComputeWithLocalSearch 5y % 52 2k 52 56 45 3t

S L Samplel Sample2 Sample3 Sample4 Sample5 Sample6 Sample7 Sample8

1 Ratio | 0.993 518 0.999 58 0.994 518  0.999 815 0.960 5 0.994 709 0951577 0.999 569
Time 192.20 161.52 91.96 89.07 161.34 172.74 166.53 87.68

2 Ratio | 0.993 494 0.999 7 0.994 523  0.999 645 0.962 844 0.992422 0.949 345 0.999 569
Time 190.7 157.50 96.61 89.66 165.43 178.04 173.68 85.87

3 Ratio | 0.994 538  0.999 685 0.995 19 0.999 675 0.962 506 0.992 067 0.954 528 0.999 515
Time 189.11 158.98 91.81 89.73 164.40 174.70 173.63 85.58

4 Ratio 0.993 96 0.999 555 0.995508 0.999 685 0.956594 0.995034 0.952696 0.999 445
Time 190.53 161.18 94.51 89.93 166.91 174.23 174.44 86.6

5 Ratio | 0.993 174 0.999 725 0.993 428 0.999 645 0.958 85 0.992 871  0.952 636  0.999 569
Time 191.05 158.89 96.54 89.93 165.10 173.43 175.70 82.00

6 Ratio | 0.992 767 0.999 665 0.992 558 0.999 725 0.958 756  0.992 194 0.958 95 0.999 639
Time 190.43 157.02 98.55 90.40 167.39 173.68 171.73 85.51

7 Ratio | 0.994 012 0.999 715 0.993 93 0.999 675 0.959 756  0.995 404 0.955 48 0.999 561
Time 191.13 159.95 99:29 88.50 163.20 174.10 173.19 85.18

3 Ratio | 0.993549 0.999 635 0.993703 0.999 745 0.960388 0.993 877 0.948 508  0.999 561
Time 190.1 158.79 97.37 89.03 164.63 174.57 174.18 85.54

9 Ratio | 0.993791 0.999 705  0.994 965 0.999 72 0.959944 0992831 0.955901 0.999 554
Time 192.42 159.32 91.66 89.26 164.01 171.74 170.07 84.43

10 Ratio | 0.992277 0.999 835  0.995 458 0.999 69 0.960 044 0.994 676 0.952483  0.999 507
Time 191.24 163.68 94.62 89.01 163.12 174.57 167.12 86.07

Average R?tio 0.993 508 0.999 68 0.994 378 0.999 702 0.960018 0.993 608 0.953 21 0.999 549
Time 190.89 159.68 95.29 89.45 164.55 174.18 172.03 85.44

Variance Ratio | 3.78E-07  5.62E-09 8.36E-07  2.39E-09  2.93E-06 1.46E-06  8.79E-06  2.33E-09

Time | 0.843249 3.557221 7.169236 0.293876 2.920 401 2.432 28 8.881 721 1.990 044

Table 11 Results of stability of algorithmDirectMonteCarloMethod
%z 11 DirectMonteCarloMethod 5y2: 55 5 1 S2 56 &5 IR

S B Samplel Sample2 Sample3 Sample4 Sample5 Sample6 Sample7 Sample8

I Ratio | 0.992672 0.640 181  0.01035  0.997055 1.006 677 0.999792  0.01801  0.441 733
Time | 862.9668 1884.131 6504268 1656.687 195042 1996.876 2138.781 2 015.006

5 Ratio | 1.009 394 0.630025 0.010 828 1.001 698 1.000 717 0.999 079  0.017 349  0.445 468
Time | 869.3296 1892382 674.3892 1655.636 1955599 2073.645 2129.395 2023.088

3 Ratio | 0.997 644 0.638916  0.010958  0.999352 1.002781 0.999936 0.016 612  0.446 69
Time | 896.4166 1880.987 658.3701 1658.089 1957.85 2064.349 214792  2032.872

4 Ratio | 1.007 667 0.643082 0.010517 1.000 008 1.001 123 0.990397 0.017375  0.446 845
Time | 858.9674 1884.524 639.4385 1661.594 1958.3 2026.864 2128.407 2034.148

5 Ratio | 1.006 079  0.650907  0.010 847  0.997399 1.002 125 1.004 173 0.017 715  0.438 905
Time | 882.4186 1886.095 637.9822 1658.089 1967.531 2019.067 2134.088 2032.021

6 Ratio | 0.99628  0.639319 0.011088  1.00302 0992118 0.999423 0.01646  0.437 729
Time | 883.8729 1882952 636.3935 165879 1970.908 2023.865 2139.028 2 030.745

7 Ratio | 0.997893 0.625419 0.010943  1.000962 0.999 582  0.996 836  0.017539  0.434 64
Time | 880.4189 1879.415 632.0247 1661.243 1966.856 2 068.547 2131.371 2032.872

g Ratio | 0.99774  0.637704 0.010812 1.000594 0.990889 0.999 735 0.017 859  0.445 648
Time | 857.8767 1877.451 632.5543 1659.491 1970458 2024.165 2138.781 2028.618

9 Ratio | 0.994 025 0.632085 0.010733 0.998 887 0.997974 1.005272 0.016393 0.461 062
Time | 874.783 3 1.874.7 634.8049 169594 1967.081 2068.547 2125.69  2029.894

10 Ratio | 1.010849 0.643383  0.011403 0.997625 0991023 0.997427 0.017717 0.431717
Time | 871.3293 1877.844 636.5259 1681.921 1968.657 2025.665 2142.239 2026.916

Average R'atio 1.001 024  0.638 102  0.010848  0.999 66  0.998 501  0.999207 0.017303  0.443 044
Time | 873.838 1.882.048  643.291 1664.748  1963.366 2039.159 213557  2028.618

Variance Ratio 4.1E-05 4.86E-05 7.59E-08 3.49E-06 2.66E-05 1.49E-05 3.23E-07 6.11E-05
Time 134.902 23.53197 169.5982 158.993 1 46.251 82 653.4549 43.646 17 30.326 33

A LAE

o EEVEREHNL BT B M T DirectMonteCarloMethod %72, VolComputeWithLocalSearch &y 1
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S I Y
o NELVEHRS A [ )7 %5 K, VolComputeWithLocalSearch 575 (3 T 75 5245 Sample3 F1 Sample7 [rF i &
FA) T3 ZE 3R BA A A S 401 AN 10 70 K5 i B 3 A2 7R I [A)_E #4148 T+ DirectMonteCarloMethod .32

25 I BT ik, VolComputeWithLocalSearch 5 v 728 it S50 1 AR A6 K, S vk e s AR VRS o Ao 11, TR o,
VolComputeWithLocalSearch 5.3 2 % 52 1.

24 UL 4 43 #1, Vol Compute WithLocalSearch S35 /NS i) @8 4% B B Ao 68 O B R (RIE R A
KB ) 8L, b F i B R A 500 B8 5 2 A BRI, A0 R i P58 45 7 T A e 2 0l 3 SE 36, AT 1) 4
THEFE I 5 Y BB T b 1 1E LG9 D¢ 5, 5 S0 (9 1 R SO0 A% B AN O RS R FEE T I #SMIT (1 3R i 25 26 11
TSI A AL SAT KARDS, M 2T T AR I .

4 FiLFTIRE

ASLHE T —Fh kA SMT T i) 8 (10 U UK Af 48, 7EIAT I#SMT A SR i S0k i 5 At Lo A\ 22 43 13t 4k
S B T — Rl 0 R 3 R 5 VolComputeWithLocalSearch, il 18 ifff AR 155 1T H qhull, #E 45 H#SMT
) A AL R AT NS EAER] T VolComputeWithLocalSearch 772 1] DL/ BAS A ff 10) R J. s 06 45 R 3£
iH:VolComputeWithLocalSearch 537: /& B8 i (1, EL AT PR (1) SR AR B8 0y, 075 i 4 i) 8 B AT R U iR R B

TR T G A N S BIR #SMT Il B R SRR SR )8 R v, A SCIRATE 90 T DA A AR K 1 35
{8 VolComputeWithLocalSearch 5L N LSRR AL T 26 1 4 3138 5L I#SMT S, 60 T Hofh 15 5 B
AR AN, A7 SRR SRR ISR AR I AT R Sk
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