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Abstract: This paper introduces an affine invariant of trapezia, and the explicit constraint equation between the
intrinsic matrix of a camera and the similarity invariants of a trapezium are established using the affine invariant.
By this constraint, the inner parameters, motion parameters of the cameras and the similarity invariants of trapezia
can be linearly determined using some prior knowledge on the cameras or the trapezia. The proposed algorithms
have wide applicability since parallel lines are not rare in many scenes. Experimental results validate the proposed
approaches. This work presents a unifying framework based on the parallelism constraint, and the previous methods
based on the parallelograms or the parallel epipeds can be integrated into this framework.
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Fig.1 Trapezium and its similarity invariants
1
- f— T — -
t — ” X3 Xl ” , Cosg — (X3 Xl) (XZ Xl) , r= ” X4 X3 ” (1)
”XZ_Xl” ||X3—X1||~||X2—X1|| ”Xz_xlll
, , {t.or}
) r . ) r
XIXZ// X3X4 r , X4=rX2—rX1+X3=[X1,X2,X3][—I’,I’,l]T. X=[X1,X2,X3],
X X=[-r.r,1]" (2

© PEBREBALTU bt/ www. jos. org. cn



1352 Journal of Software Vol.18, No.6, June 2007

12

2, {t,6r}
1 { X11x2!x31x4} 4 ’ { m11m21m3!m4} ’
1) :

X, =2 m 2120 X =a,q,Km), =34 ®
r

2) {t.6r} :
2= (rgm; —my)" @ (rgsm, — gm,) 4)
(g,m, - Q1ml)T @ (g,m, —¢m,)
cos _ (rggms — Gmy)" @ (rg,m, — Gymy) 5
t (rq3m3 - oam1)T w(rQ3m3 b q.‘lml)
o Xy ,@=K K™, [0,0,05] =[~mq,m;,mg] 'm,,qu=1".
, om;=KX;,j=1,2,3,4,
Xi=a,K'm; j=1,2,3,4 (6)
X=[X1,X2,X3] =K [my,my,maldiag] o, o, 3] X =diag[ 1/, 1/ e, 11 exs] [My, My, m3] K. ,
XX =diag[1/ ar, 1 o, 11 ez [My, Mo, m3] K (asK ™ my)
=diag] o/ 1, a4l 023, 4l 3] [My,My,mg] ~'my
=diag[ a4/ o, aul o, 004l 23] [—QLQLQS]T

=diag— st/ o1, 040l o, alsl cta] -

),

a,q;
a =

i =12 a;=a,q;,j=34.

(6), ()R €) 1) @ 5. O
1. {X1,X2,X3,X4} r , {myg,my,mz,mg} )
{t&.
1.3

Xy Xl XX o 1l X5 X -

Fig.2 Spatial co-hemline trapezium and its similarity invariants
2

* s q4:l_

© PEBREBALTU bt/ www. jos. org. cn



3D 1353

7”X3_X1” tfllxs_xlll r7”X4_X3” rﬁllxs_xa”

= b= y = = (7
' ”Xz_Xl” ? ”x2_X1” ' ”x2_X1” : ||X2—X1||
_ T . _ T _ _ T .
sosp - Ka XD (K= X) o (K= X)T (KX)o (X X)T (X = X)) ®
||X3—Xl||-||X2—X1|| ||X5—X1||-||X2—X1|| ||X3—X1||-||X5—X1||
{tllt2|r11r2!61¢1¢} ’ . l{rlrr2}
[Q1vQZvQ3]T :[_m11m27m3]71m4‘ [Q5‘qe,53]T :[_m51m61m3]71m4'
1 a4q3K’1m3 =X;3= 0t4'q"3K’1m3 ) Qs = as . )
~ m
[Q1‘QZ‘qst5rQG]T :(ATA) 1AT{ 4:| (9)
m,
-m m, m 0O O
Ae ) 2 3 (10)
0O 0 mg —-mg mg
a,q; 3 . B ) a,lg, ~ )
X; :%K 'm;,j=12 X;=a,q,K'm;,j=34 X, :%K 'm;, =56 (11)
X=[Xo=X1,X5=X1,X5-X1] (12)
1
M(r, 1,) = r—[%mz —0,m;,rg;M; —0,my, 1,05Ms — Q1m1] (13)
1
(11)’
X=agKM(r 1) (14)
X ) M(ry,r2) )
M, N T XTXM(r, ) =a2K K™ (15)
1 t,cos@ t,cos¢g
XTX = X, = X, |* | t, cosd tf tit, cosp | =1 X, = X, [P ¢ (16)
t,cos¢ tt,cosp  t2
| T 1 al
M(r,0) T aM (1) =—A— & 17
(M (ry,r))" (M (ry,r,)) ||X2—X1||2 (17
2. {X17X27X37X41X57X6} { ml,mz,. e ,ms} y
1) : X (11);
2) (17).
2. ’ {t11t21 9! ¢l (ﬂ}
I’1=r2=1 , . , M
@an , M
[14,15]

© PEBREBALTU bt/ www. jos. org. cn



1354 Journal of Software Vol.18, No.6, June 2007
2 3D
2.1
3. {X1,X5,X3,X4} r N {m M m) mj=12,..,N
(a9, 08, g’ 7" =[-m®, m{P, m{] P,
2(N-1) 2
(rq(l)m(l) q m ) o (rq(l)m(l) q(1)m1(1)) _ (rqéj)méj)—ql(”m{”)ij(rqéj)méj)—ql(j)ml(j)) (18)
(@& o) ay @ —oPm®)  (@mD o m{) (o m o m{?)
(rq(l)m(l) q m ) - (rq(l)m(l) q(1)m1(1)) _ (rqéj)méj)—ql(”m{”)ij(rqéj)méj)—ql(j)ml(j)) (19)
(Pl — o m) o ramd — ) ~ (ral g mi) o (1o {7~ o m()
1) ,  O=n/2, (N-1) (18) N
(re g~ o m{P)" o, (G me? o m{") =0 (20)
2) , (N-1) 2 (18) N
(rqéj)méi) _ql(i)m{j))ij (rqé”mé” _q{i)ml(i)) ~ o1
N5 _ gD (YT (D) _ (D ()Y — ( )
(ra;"my” —q;"’m;”) @ (rg;"my” —q;’m;")
@, =K[TK K j
: 1 O
1: (21), (4 '
r . O
3. {X1,X2,X3,X4} N , (N-1) (18) N
(@ mg) — o m{")" o G mg —olm{) =0 @)
4, {X1,X2,X3,X4} N , (N-1) (199 N
(@l o) o, @l ofm?) -
DD _ gD MmN~ (gD m) — gD mDy
(9,°my” =g’ my”) @ (g, ’m;” —q;’m; ")
2: , . )
(23)
2.2
) m n )
k {xk1,Xk2,Xk3,Xk4,xk5.Xke} , {raret, n
{m® m®,m® m mlh md},j=12,.. 1 j GO
j
X(j)=RjX(1)+tj (24)
2, j , k Xii
) ()
x () _ e Km(,i=12 X =al)ql’K 'm{i=34; X = @b K*m{,i =56 (25)

N Na

© R

http:/ www. jos. org. cn



3D

_ (i) (i) (i) (i) (i) (i)
ij =[Xed = X'y Xig = X'y Xigd = X'

_ (i) (D (D) (1) (i) (1) (1) (D)
My =M (N, lo) =— [Qk mk ~ Okt Myg” s Mg Oea Mz — Qg m|<1 M2 Oks Mys' —
M

det(Xg)=det(Xq) k=1,2,...,m;j=2,....n

(14),
Xy :algl)Kj_lM K
, (28)
algil) —ak4d9t1/3(M uM k]) detl/3(K K, ) a(l)ﬂkﬂ’,
P 7i
, 2,
_ o (@B .
M M .1:—”07‘,1 =12,..,mk=12..,m
9O T IX D - X P
X =X = XE =X @ I, (31)
M EMg =), | =12,..mk=12..,m
A o IXG-x@ P 2
= PMy, = (a(l)) @ =7 @,
j . Xii
) () @ )
) a v O a T ;
X[Eij) _ k4ﬁk]7]qk| K[lmﬁ,J ’. 1’2 X(J) :(Zk)ﬁkj}/qul”K m|£|j) |_34 X(J) k4ﬁk]71 k2qk|
Na Ma
4. (32) 5n-5
(32) s

M@ My =MLaM, g k=12,.,m j=23..,n,
7, = MlijML&lM klej

BaMyq = detl’3(M uM IZJ:.L)M Kilss detl’3(M kl)' Mkl ’
BiM = det 3 (MMM = det Y3(M,) - M2, j=23,...,n
, (34)
i A gl,j =23...,mk=12..m
) ~kj det 1/3(Mk,) My . 4 ,Hk=’\7|-k1'\./|:-l j 1
det(M M =1,

. (39)

IAC 5 , 5n-5
221

: (32) (37,

= Bl BaM MM M Lk =12,...m j =23,...,n

1355

(26)

~qm?] (@7

(28)
(29)

(30)

(31)

(32)

K:'m{,i=56 (33)

(34)

(35

(36)

(37)

IACs

© PEBREBALTU bt/ www. jos. org. cn



1356 Journal of Software Vol.18, No.6, June 2007

( 1 2), @, Hic
Table1l Linear constraints from prior information of the trapezia
1

Prior information on the trapezium  Linear constraints on @
G=ni2 (Mi& M), =0
p=nl2 (Mi@ M), =0
pEn2 (|\7|T.15.|\7|kj)23 =0
ta=1 (MIZ M) =(MIF M)
tie=1 (MJ@ M) =M iz My )z
ta=te (M@ M)z = (M@ M),

Table2 Linear constraints from prior information of camera

2
Prior information on camera Linear constraints on z4 Linear constraints on @
Zero skew (M l:jT;le:jl)lz =0 (Ml}TMllalMllMIjl)lz =0
3 -~ (Ml_jT M£51M11Mil)13 =0
Principal point at origin MTZMD =M M1, =0 SR
] k™K /13 ] k'™ /23 (M{jTMLmlMllMﬁl)23:0
- M; M L&, M M), =
Knownr:a?p;?ct ratio M M)~ (M7 E M) =0 (2 1,~_T11~?UT1~11~ 11)_111
Vil T (M1| MllmlMllMlj)ZZ
222 3D
XP =R XY+t ,Ba=ln=1, (33),
a3 B7 0K MY =gl RK MY +t,,i =1.2,...6,k=12,..,m (38)
RKHaPmE —gdm) = K *(Ber,a’m - Beradm)i=12,..6:k=12,.,m (39)
B, =[a% mkz game.a3dmg —agmy....a@dmQ —ggm (40)
Cy —ﬂk, [ m® g mi qm) —qPmD ... gl m ~qPm{ | (41)
(39)
Rinl[Blj*szv---'Bni]ZVjKi_l[Clj'Czj‘---'cm;]‘
: R
R =7,K;'[C,.CoynCri B By By [ Ky (42)
Dj
(42) (38),
(@@D;m - g’ M) + Kt =0,i=12,...6k=12,...m j=23,..n (43)
omg- s
Op (1)
E, =| % ﬂqu ME | k=12...mj=23..n (44)
a0y mi3 i)
Ej=diag[Elj,E2j,...,Emj],j=2,3, N, C= [|3, 390 3]T (I 3 ) (45)

18m

© rhiEpk

http:/ www. jos. org. cn



3D 1357
(43)
E, CK
E CK
.3 3 . |:a:| -0 (46)
: - T
E, CK,
[al(l),a24, m4]T 7= [tT‘ t3,.. ‘tl]r-
(46)
a=la.a..a8] 7 =[5 .1
(29), 1
o _ alady @ 1oy @ SOAD e L@ 2y D _ T8 € @ i F
in = r Kl my’,1 =12 in =40y Kl myg,1 =34 in _—Kl my; ,i=56,k=12,....m (47)
kL K1
2.2.3
m {Xai=12,....6} n (mP:i=12,.6},j=12..,mk=12..,m
Kj, (R.t) {tiatio, G b 1
(i) (i) (1) 0 (J)
-m m m
1 k1 k2 k3 _ g, g, g, gl g1 = -1
) A= 0 m@ -m® mQ [, 0 ol ol AT = (AjAG) Ag m
2) (27) Myg; My = det™*(M W) My, By = det*(M ;M 1;1) My =BsM, .
KJ {tklvtk21 a(v@ﬂ @(} :
1) (t,@;) (32);
2) Hi, @
3 1 {tatic.Outpd; @ Cholesky i
K;.
(ijtj) :
(42) R
3
3.1
: [15]
(1000,1000,0,512,384), 1024x768. ,
: , 4
) , 0.
DLT (1] DLT 4 16 ,
QR 3x3 4 0,
o , Nea 0~2.0 100 .3
, 100

DLT

© PEEREBEAD

http:/ www. jos. org. cn



1358 Journal of Software Vol.18, No.6, June 2007

40
—— f, L3
. 35§ —=— f, |Dottedlinefor DLT ¥
> —+— o | Solidlinefor the proposed method ¥
5 30} —#— vo e
E o fu |
o 25t w ' ’
'1% ,‘, uCI L B W 3
° 204 B Vo = l "
e} - g ™ ¥
8 15 . ol
B T
> E I 5
g 10 [ w , -
8 g gt
s 5 g - e
0 .‘g! . D N
0O 02 04 06 08 1 12 14 16 18 2
Noise level/pixel
Fig.3 Therelative error of the intrinsic parameters estimated by the two methods under different noise level
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Fig.4 Reconstruction of calibration object
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Fig.5 Reconstruction of the building
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