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Abstract: This paper proposes an approach, namely the arena’s principle (AP), to construct the Pareto optimal
solutions by utilizing features of the multi-objective evolution. It is proved that the AP works correctly and its
computational complexity is O(rmN) (0<nVN<1). Theoretically, when AP is compared with Deb’s algorithm and
Jensen’s algorithm (their computational complexity are O(rN?) and O(Nlog® PN) respectively), AP is better than
Deb’s, and is also better than Jensen’s when the objective number r is relatively large (such as r>5). Moreover, AP
performs better than the other two algorithms when mVN is relatively small (such as n/N<50%). Experimental
results indicate that AP performs better than the other two algorithms on the CPU time efficiency. In applications,
AP can be integrated into any Pareto-based MOEA to improve its running efficiency.

Key words: multi-objective evolution; arena's principle; non-dominated set; Pareto optimal solutions; running
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MOEA
; ; ;Pareto ;
: TP301 CA
(evolutionary algorithm, EA) ,
, , (multi-objective evolutionary algorithm, MOEA)
[1] 3 :Priori ,Progressive Posteriori .Priori MOEA
MOEA , MOEA ;. Posteriori MOEA
MOEA ;Progressive MOEA MOEA
JMOEA Posteriori 2 .Posteriori 4 :Independent
sampling,Criterion selection,Aggregation selection, Pareto sampling. . Pareto
, , Pareto ( )
True Pareto : ’ .
Pareto :PESA(the Pareto envelope-based selection algorithm for multi-objective

optimization)™™ PAES(the Pareto archived evolution strategy)!”),|S-PAES(inverted-shrinkable PAES)!® Fonseca
Fleming MOGA (multi-objective genetic algorithm)!® Horn Nafpliotis NPGA (a niched Pareto genetic
algorithm for multiobjective optimization)”,Zitzler =~ Thiele  SPEA(strength Pareto evolutionary algorithm)!®®,
Deb  NSGA-II(non-dominated sorting in genetic algorithm)!*?!.

orN?,  r N .Deb (o, O(rN?).
Jensen 2003 (12, O(Nlog"™™®N).  ,Deb
NSGA-II Jensen
Pareto ( ) , ,
MOEA , Pareto
1

X=(X1,X2, - - 1 Xn)s ;
gi(X)=0,i=1,2,...,k (€N}

h(X)=0, i=1,2,...,| 2
r 5 r f
Minf (X) = (£,(X), F,(X)...., T, (X)) ©)
X =04, %, %), F(X) (1) @)
, Vilfredo Pareto 1896 , Pareto (Pareto optimum
solution),
X eF . VXeF
A(fi(X)= f.(X) 1={1.2,...r} 4
jel,
f,(X)>f,(X) (5
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F @ @ :
F={XeR"gi(X)=0,i=1,2,... k;hj(X)=0,j=1,2,... I} .
, , (Pareto optimal solutions). ,
(non-dominated solutions  non-inferior solutions), Pareto ,
, “ ” Pareto " Pareto
" Pareto
X Y X Y, y X Xy i
1. P , N,P r fO (k=1,2,...,r),P
D XyeP,  fil)<f(y) k=1,2,....,r; 3Fe{1,2,....r}, H)<fi(y), X 2 X>Y. ,
X (non-dominated),y (dominated), ) S (dominated relation).
2 xyeP, x vy ) X y
2. xeP, AyeP, y>X X P . P
, P :
3. Nds P NdscP,vxeP, x P , xeNds, Nds P
4.0 X (P,>) , P x X . AxeP, x=x.
M(P, >).
5. xeM(P, >),Cluster(X)={ y[x > y,ye P} X .
M(P, ~) P M(P, >) (23,
2 Deb Jensen
Deb [11] ) O(rN?), r N
Deb [10] , 1. O(rN?),
1 , P’
P’'=find-nondominated-front(P)
P'={1} 1 p B
For each pePApgP’
P'=P"U{P} p P (
For each ge P’ Ag#P p P q
If P> q, then P’=P'\{ g} p a, q
Else > p, then P'=P"\{ g} q p, p
Jensen (divide and conquer), (recursive procedure), 2003
, O(Nlog™™N), N N Jensen )
4 : Non-dominated-sort(Sr), 1 ND-helper_A(Sr), 2
ND-helper_B(L,H,r), Non-dominated-sort-on-2D(S), S
, seS flsl( f[s1=1),
ND-helper_A(Sr), f[s] s . , fls]=1(se9) S
( r=2), , Non-dominated-sort-on-2D(S),
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ND-helper_A(Sr) .r XpeeXee S ( 19=2),
S 2, fls]=max(f[s]+1f[s]); s Si, flsi=max(f[s,] fls]+1). S
S L H, set(L,H)=split(S x¥" r). , r
r erpm L, erpm H . L
Vs eLAVS,e H=X(S1)<x(S2)- ,
L , L H. H L
siel ,
(r-1) seH, fls]=max(f[s,]+1.f[s]).
H , ND-helper_A(H,r).
ND-helper_B(L,H,r) , H L ’ H
ND-helper_A(H,r), H ). L H
siel SeH,
Non-dominated-sort-on-2D(S)),

siel

s,eH

L H siel

1

, H( L) L( H) ( ) 3
f[s2]). r=2, (2D) (
, H ( f[s],seH), s,eH,

fls2).

(max(x,(ll),...,X,(|||_|))Smi n(Xr(h]_),...,Xr(h|H|)), r L H
ND-helper_B(L,H,r-1).

(min(x;(12),....% () >max (X (hy), ... X (M), r H L

)
@)

(3)
r H L , H L CH

, H Lo, r X,
ND-helper_B(L;,Hy,r),ND-helper_B(Ly,Hz,r-1)
Hy, ND-helper_B(Ly,Hy,r),

Hy H, L L1 Lo
(L21H21r)' ’ L2
L, .
Non-dominated-sort-on-2D(S) S
((a(8)=x(SNN(Xa(S)<xx(S))).  Fa 1 = F; 2 ( S
). ,  Fa A ( s
‘Fi={s},A=1. SO
Fi (i=1...AA>1).

H,

) ;

Pareto ,
(arend’s principle, AP) , )

( 1 ), , :

31
Q=P;Nds , . Q X,
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ND-helper_B(L,H,r-1)

(max(x; (1), X (L))>minG (M), .. X (), (MING(L),- % (i) <max(x (), ... x (b)),
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X

ND-helper_A(L,r)

1

fls2]=max(f{s,]+1,

L

flso]=max(f[s,]+1,

ND-helper_B

ij=((als)<xa(s))v
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, Cluster(X)={y|x>y, xyeP}x ., X Nds ,
Cluster (x) X , Q . , Q
2.
2. .
{ P r , Nds=g, Q=P}
@ Q X, ;
20 Q=Q—xRK=J R=g;
® Q . ) 4,
4 Q Y. X
(41 x>y, Q=Q-y, (3)
(4.2) y=X, x=y,Q=Q-y,RK=RKUR,R=J, (3);
(43) x vy , R=RU{y}.Q=Q-y, (3);
5) RK'={yeRK|not (x> Y)},Nds=Nds_{x};
(6) Q=RK'UR [QF1,  (1); ., Nds=Nds_Q,
, ( ), :
: ( ) :
, , 1 G
C: , C 1 , C, Cs ,.Cs
, k , KiraPXif . XX, X1
1 Xist [ R j X1 X
, i Xir1
RiURML...UR. , Kis1 YeRURU...UR;,(1<i<Kk), Kis1 : K
, Xir1(1<i<Kk) RURU...UR. ,
3.2
(AP) : AP
Nds P , Nds P
1 Nds P ,
(€0} 1 Nds P .
1 Nds X1, Q1 yBYyeQq,  YrX, X Q:
(AyeQuxi>-y, X Q ; X Qr
: X1, Cluster(x)={yx1 >y, X1.yeP}=P-Qi—{x}.
,AyeP,  y>=Xi. X P , 1 Nds X, P
2 s(N>s>2) Nds Xs P .
Xs Nds Qs , Xs Qs AyeQs Y>Xs ,
AyeQgXs> Y.
S Cluster(x;),Cluster (xy),...,Cluster(xs.1)  Cluster(xs), Aye{x;,Xz,...,Xs 1},
y > Xs S Xs y , ByeCluster(x;)uCluster (xp)u...UCluster (Xs_1)U
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Cluster(xs), Y>Xs ,Cluster (x)=Qy_1—Qx—{x} ,k=2,3,...,s

. AyeP-Qs, Y Xs ,ByeP, y>Xs
Xs P \ , S(N>s>2) Nds X P
1 @Nds P
3 Nds P
IxeNds, P , JyeP, y>X. yeQuw V=X Xk Q
, X Nds ; JyeP-Qr, Y>=Xu X
Q .
, VxeP-Nds, P , AyeP, y>=x P X Q
, AyeQcP, y>Xx X Nds . , Nds P
O
2 , P N,P m , m
, . 1 (N-12) , ki P
, k1>0; 2 (N-k;—2) . k, P , ko>0;
, m (N—ki—ko—...~Ky1—m) ; kKm P ,
kq>O0. m , , (kptkot...+kp)=N-m. ,
T(N)=(N-1)+(N-k;—2)+...+(N-k—ko—...—Kr,_1—m)
=(N-D)+(N-2)+... +(N-m)—[ki+(ki+ko)+... +(KitKot. .. +km_1)]
<(2N-m-1)m/2<Nm,
O(rmN), N .
m N AP m O(rN?)  O(Nlog"PN)i*3
33
1 ,20 , 20

C]_:(g, 1) 102:(712) ,C3:(5,4),C4:(4,5),C5:(3,6) 106:(217) IC7:(119)1C8:(1011)1C9:(815)1C10:(716):

Cu=(5,7),C12=(4,8),C13=(3,9),C14=(10,5),C15=(9,6),C16=(8,7),C17=(7,9),C15=(10,6),C19=(9, 7),C2=(8,9).
, Ci=(f1.f2) fi

f,,i=1,2,...,20. {C15,C16,C11,C6,Cg,C13,C1,Co,C17,
ClOvC71C31ClZlCZvCl4lCleC41C201051C19} ’ :
Round 1#: Cys , . Cs C , ,C1 Cis
, (o s 1 , C ,
{ CleclLCGvCBrClSv1C9vcl71C101C71C310121C21C41C20105} .
.C, 5 , . , C:
5 , Cs , .Cs
Cg C; , , Cs C
Round 2#: Cyg , ,C1 5
{C16:C11,C6,Cg,C13},Cs , C . 1 Cu Ciw, 2
Ce Cu 2 {[Cd:Co,C16,C7,C5,C,Ca,Cs} Co :
: : Ce .
Round 3#: Cq , . Cy GC; , C GCs ,
, {CwC7}. 3

{C101C711C21041C5} vC3
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Round 4#: C; , 1 1 Cs
’ C7. ) { C21C41C5} 1C7
Round 5#: C, , , { C4,C5} ,Cs
Round 6#: C, , ) Cs, , Cy GCs
6 46 ( mMN=7x20 ), {C1,C6,C3,C7,C5,Ca,Cs} .
4
, 3 ]
2 NSGA-II ,
;3 CPU Intel (R)
Pentium(R) 4 CPU 1.70GHz, 256MB ; 20
4.1
, AP
, Deb  Jensen , r 258 10.
,m/N 20%,50% 80%, N ,m 1~ 4
, ( ) ,
3 ( ),
1~ 4 (1) Jensen , AP
Deb , . (2
(r=2),Jensen , , O(NlogN);(3)
r=5,m/N=20% AP , Deb Jensen , ,
AP Deb , Jensen :(4) Jensen
, r (r=8,r=10),AP  Deb Jensen . AP
3 , AP
x10* x10* x10* AP
250 : 250 - 250 7 Deb's
1AP AP ;
2 200 IDeb's = 200 Deb's = 200 W, Jensen's
3 N Jensen's 3 B jensen's 3
S 150 © 150 S 150
g 100 g 100 gi 100
8 s0 3 50 8 s0
O. e e k. e 5 b -l el -l - - - L . O B - o

200 400 600 800 1000
Population size
(a) r=2,m/N=20%

200 400 600 800 1000
Population size
(b) r=2,m/N=50%

200 400 600 800 1000
Population size
(c) r=2,m/N=80%

Fig.1 Comparison of experimental results

1
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10* 10* 10*
350/ b 350, ap 350 AP
| — [ I Deb’'s
= 300 Dab's = 300 EEDeb's = 300 o'
3 250 B Jensen's 3 250 . Jensen's 3 250
S 200 S 200 S 200
8 150 8 150 8 150
§ 100 § 100 § 100
ot % a1l v 1|
Od—.-!.l ) } 0.-.'.".'...... 0._IIII
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
Population size Population size Population size
(a) r=5,m/N=20% (b) r=5,M/N=50% (c) r=5,m/N=80%
Fig.2 Comparison of experimental results
2
x10* x10* x10*
450 N3 450 450 [ D b
400 | 400 i , 400 i e’
- 1Deb’s - Deb -
§ 350 I jensen's 5 350 . jonsen's 5 350 B Jensen's
3 300 8 300 8 300
o 250 o 250 o 250
& 200 & 200 & 200
£ 150 £ 150 § 150
3 100 I I O 100 I O 100 I
0-_1|l 58.1" 58-1"
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
Population size Population size Population size
(a) r=8,m/N=20% (b) r=8,M/N=50% (c) r=8,m/N=80%
Fig.3 Comparison of experimental results
3
500 x10* 500 x10* 500 x10*
" Debs = bas e
£ 400 W Jensen’s £ 400 W jensen’s £ 400 . Jensen's
o 300 S 300 S 300
5 5 5
g 200 g 200 g 200
Q Q o
© 100 I O 100 I I O 100 I |
ol= | l J 0 == 1 I o= | I I
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000
Population size Population size Population size
() r=10,m/N=20% (b) r=10,mVN=50% (c) r=10,m/N=80%
Fig.4 Comparison of experimental results
4
4.2 Benchmark
, ) NSGA-1111 (
) , DTLZ DTLZ1~DTLZ6M,
, . [15]
, r=2,r=3,r=5 , [15] , 100,800,5 000,
5 , ) 2 ) 50% ;
[ORGHET == http:/ www. jos. org. cn
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(r=3,r=5), , 60% . , r=5
( [15] )
100 100 100
90 5D 90 5D 90 5D
80 80 80
__ 70 __ 70 _ 70
£ e - 28
z | = : > .
40 3D 40 40
E 5 20 E 3p 3 5 E 2 3
20 20 20
10 10 10
0 0 0
0 100 200 300 0 100 200 300 0 100 200 300
Generation Generation Generation
@ (b) (0
e % o 8
80 5D 80 80 3D 5D
__ 70 | _. 70 | __ 70 |
£g £ Lo
S =~ = 50
% 40 % 40 3D % 40
30 3D ) 30 2D 30 2D
20 20 20
10 10 10
0 0 0
0 100 200 300 0 100 200 300 0 100 200 300
Generation Generation Generation

(d) (® M
Fig.5 The proportion of non-dominated individuals of DTLZ1~DTLZ6 (from (a) to (f) respectively)

5 DTLZ1~-DTLZ6( (a) (f))
4.3 Benchmark
AP ,
100%, 60% . AP Deb . , AP
Jensen , ( x5 )AP Jensen
CPU 3 : AP Jensen NSGA-[119
(AP+NSGA-II) (Jensen'stNSGA-I1) NSGA-II  benchmark CPU . 6 benchmark
DTLZ1~DTLZ6!™.
; 3 ) )
1 6~ 8 \ (r=2,r=3),NSGA-II CPU ,  (AP+NSGA-II)
(Jensen’s+tNSGA-II) ; (r=5),(Jensen's+tNSGA-II) CPU ,NSGA-II ,
(AP+NSGA-Il) CPU . , =2  r=3 ,(Jensen’s+tNSGA-Il) CPU
, r=5 (Jensen'stNSGA-II) CPU (AP+NSGA-II1), Jensen
, CPU AP
Tablel The setting of evolutionary parameters
1
Objective 2 3 5
Population 100 800 5 000
Generation 200 300 400
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AP 138 AP i
Deb's 110 Deb's |
4.0 [ Jensen’s 100 | jensen's 1
35 ) " I , D 38 | i Fi k4
s 25| | Eolll U om B A
3 20 . . 5] [ ! =
el 20 I | i : | |
: 10 | |
o H L. | 18 1 B | | 0 d z - 1 Bs : ¥ . "
1 2 3 4 5 6 1 2 5 6
DTLZ test functions DTLZ test funct| ons
Fig.6 The CPU timeof DTLZ1~DTLZ6 Fig.7 The CPU timeof DTLZ1~DTLZ6
(from left to right) on 2 dimensions (from left to right) on 3 dimensions
6 3 2 DTLZ1~DTLZ6 7 3 3 DTLZ1~-DTLZ6
( ) CPU ( ) CPU
30000 Deb
25000 -I.]ensesn s
@ 20000
“g’ 15000
F 10000
5000
ol Ly A
1 2
DTLZ test funct|0ns
Fig.8 The CPU timeof DTLZ1~DTLZ6 (from left to right) on 5 dimensions
8 3 5 DTLZ1~DTLZ6( ) CPU
5
Pareto , ( ) >
True Pareto , , MOEA
Pareto , 3
O(rmN), N ,m a ,
m ; , ( )
, 4.2 ,m/N 60% AP Deb
(O(rN?), m<N; Jensen (O(Nlog™PNy)) ( r=2),Jensen AP
Deb , r AP Deb , r AP  Deb
Jensen ( 4.1 r=8 ). AP Jensen NSGA-Il
(AP+NSGA-I1) (Jensen’s+tNSGA-IlI) NSGA-II  benchmark CPU , AP
, r ( r=2),Jensen AP, Jensen
AP Pareto MOEA , MOEA
AP , MOEA
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