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ot (Ko SH'“_*JF J[_lj
2 2 2] 2
min(mn)<6, m=7 n<10 (-4
3
cr(CyxCr)=(m-2)n,
3<men(48,
, , n=10 n=12, 30 ,
CCN(calculate crossing number),
) CCN n<12
n<16 .
1 CCN
CCN NP- ,
pn=G—{eye,....en} G . pmte(l<i<m) , Pm G
CCN 3
1) G ;
2 G
©)
Pm . G. pm G , e,
1 Smo={ €1,€2,---,Emo} G , Pmo=G—Smo G ,  cr(G)=m0.
G , G .
B={b:b, G ,  G=byUbyu...ub}.
2 , G , f
cr(G)=cr(by)+cr(by)+...+cr(by).
Poi={Pmi:Pmi b s |E(O=pm)I=m},
Di={dm,j:dmi;j  Pm; i H
D ={ dm, j+(SmmSmd):Smm=E(0—Pm) S Smm:  ISmel=t} -
1. CCN G
: CCN G , G Crossing
Number B b, , Crossing Number D G P, j
Crossing Number E Omij

(Snm—Smp(t=mm-1,...,0) CCN

Crossing Number E
(crossing number), , )
Crossing Number B(i)
m>Crossing Number Pm ,

Crossing Number—1 by

© PEEREBEAD

m>Crossing Number ,

http:/ www. jos. org. cn



2261

b :
Crossing Number.
, CCN G
1. Algorithm CCN.
Procedure CCN;
Begin
Get test graph G;
B={b;:b; is a 2-connect block of G and G=b,Ub,u...Ub};
cr(G)=0;
For every bjeB Do
Begin
If (GisaPlanar graph) Then cr1=0
Else cr1=Crossing Number B(b;);
cr(G)=cr(G)+crl;
End;
Output cr(G);
End;

Function Crossing Number B(b;);
Begin
Crossing Number=nxnxnxn; m=1; S={b};
While m<Crossing Number—1 Do
Begin
S=S; S=G; Pmi=;
For every G,€S, Do
For every e,eE(G,) Do
Begin
Gy=G;-€y;
If G, isanon-planar graph Then S=§UG,
Else If For every e;cE(b—G,), G,+e; isanon-planar graph Then Pp,i=PniUGy;
End;
If Pmi=d Then
For every G,eP,; Do
Begin
D,={d;:d; is an embedding of G, in the plane} ;
For every d,eD, Do
Begin
Crossing Number;=Crossing Number D(d;);
If Crossing Number,<Crossing Number Then Crossing Number=Crossing Number 4;
End;

Function Crossing Number D(d);
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Begin
t=m; d; = d;; s( di) = E(b—Gy); cri+1 = 0; Crossing Number D = Crossing Number E(t);
End;

Function Crossing Number E(t);
Begin
Cr'=Cr1,
rc, =the minimum number of crossings while adding e, ;e s(d;) back to d;;
For every e,;es(d;) Do cr=critreyy;
If cre>Crossing Number Then Return with cr,
Else If t=1 Then Return with cr;
Else
Begin
cr2=Crossing Number;
For every e,=(Vy,Ve) €(c) DO
Begin
€u,tv=1 Suvw:€uvw=(VuvwxVuvwy) 1S the w-th edge crosses with g, while taking
the v-th method to add e, ;e s(d;) back to di}
Sey(d)={ euts}
For every e,veSe,(d) Do

Begin
S-1(0h-1)=S(0h)—€u s Cr=Cres1+rCyy; tha=0h; N1=rcy,; n2=|V(dy)|
For k=1 To n1 Do [* add e, ;e s(d;) back to di*/
Begin

O 1=(0h-1~€4v, 1) Vi +(Vn2+k:Vu,v,w,x)+(Vn2+k:Vu,v,w,y);
If k=1 Then d_1=0i_1+(Vp,Vii2+1);
If k=n1 Then d;_1=0;_1+(Ve,Vii24n1);
If k<nl Then di_1=0_1+(Vnz+kVna+ked);
End;
cr3=Crossing Number E(t-1);
If cr3<cr2 Then cr2=cr3;

End;
End;
Return with cr2;
End;
End;
1 1 910
g10 , , P21 1 , 3 , P31
3 , D, 8 ,D3 4 , 1 (
a 10). 1 CCN , w,X)(y,2) d; e=(w,X),
e=(y  cr(wx) d e=(wx)es(d) crl
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Fig.1 The graph g10 and the imbedding of its planar subgraphs
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Table1l The steps of calculate the crossing number of g10 with algorithm CNN
1 CCN g10
Imbedding Step Add edges and present cr2, crl

0 cr1=10x10x10x10=10000

d2-1-1 1 (1,3)((5,9)(10,7))  cr2=2+cr(2,4)=4 crl=4
2 (1,3)((6,9)(8,10))  cr2=2+cr(2,4)=4
3 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-2 il cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-3 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-4 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-5 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-6 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-7 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d2-1-8 1 cr2=cr(1,3)+cr(2,4)=2+2=4

d3-1-1 1 cr2=cr(1,3)+cr(5,9)+cr(8,10)=2+1+1=4

d3-2-1 1 cr2=cr(1,3)+cr(5,9)+cr(6,9)=2+1+1=4

d3-2-2 1 cr2=cr(1,3)+cr(5,9)+cr(6,9)=2+1+1=4

d3-3-1 1 cr2=cr(1,3)+cr(5,9)+cr(7,9)=2+1+1=4

D4
10,11,12).

2

gl0

cr2,crl.

d4-2—

B 1

5

5

d5-7-1

0 F
v db-89-1

=g
4a  db-8-1

=
3

° O oF o
d5-10-1 83 db-10-2 8

Fig.2 The graph g12 and the imbedding of its planar subgraphs
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Table2 The steps of calculate the crossing number of g12 with algorithm CNN
2 CCN g12

Imbedding Step Add edges and present cr2, crl
0 cr1=12x12x12x12=20736
d4-1-1 1 (1,4)(5,2) cr2=1
2 (1,4)(5,2) (4,10)((8,3)(12,9)) cr2=3
3 (1,4)(5,2) (4,10)((8,3)(12,9)) (7,9)(6,10)  cr2=4+cr(2,7)=4+3  cri1=7
4 (1,4)(5,2) (4,10)((8,3)(12,9))  cr2=3+cr(7,9)+cr(2,7)=3+1+3=7
5 (1,4)(5,2) cr2=1+cr(4,10)+cr(7,9)+cr(2,7)=1+2+1+3=7
6 (1,4)(2,3) cr2=1
7 (1,4)(2,3) (2,7)((1,5)(6,11)) cr2=3
8 (1,4)(2,3) (2,7)((1,5)(6,11)) (4,10)((5,8)(11,12)) cr2=5+cr(7,9)=5+1=6 crl=6
9 (1,4)(2,3) (2,7)((1,5)(6,11))  cr2=3+cr(7,9)+cr(4,10)=3+1+2=6
10 (1,4)(2,3) cr2=1+cr(4,10)+cr(7,9)+cr(2,7)=1+2+1+2=6
11 cr2=cr(1,4)+cr(4,10)+cr(7,9)+cr(2,7)=1+2+1+2=6
d5-5-1 1 (1,4)(11,5)  cr2=1+cr(2,4)+cr(2,7)+cr(6,10)+cr(7,9)=1+1+2+1+1=6
2 (2,4)(5,8) cr2=1+cr(1,4)+cr(2,7)+cr(6,10)+cr(7,9)=1+1+1+1+1=5
3 (2,4)(5,8) (2,7)(5,8) cr2=1+1+cr(1,4)+cr(6,10)+cr(7,9)=1+1+2+1+1=6
4 (2,4)(5,8) (7,9)(11,12)  cr2=2
5 (2,4)(5,8) (7,9)(11,12) (2,7)(5,8) cr2=3+cr(1,4)+cr(6,10)=3+2+2=7
6 (2,4)(5,8) (7,9)(11,12) (6,10)(11,5) cr2=3+cr(1,4)+cr(2,7)=3+1+2=6
7 (2,4)(5,8) (7,9)(11,12) (1,4)(11,5)  cr2=3+cr(2,7)+cr(6,10)=3+2+1=6
8 (2,4)(5,8) (6,10)(12,11) cr2=2+cr(1,4)+cr(2,7)+cr(7,9)=2+1+1+2=6
9 (2,4)(5,8) (6,10)(11,5)  cr2=2+cr(1,4)+cr(2,7)+cr(7,9)=2+1+2+1=6
10 (2,4)(5,8) (1,4)(11,5) cr2=2+cr(2,7)+cr(6,10)+cr(7,9)=2+2+1+1=6
11 (2,7)(5,8)  cr2=1+cr(1,4)+cr(2,4)+cr(6,10)+cr(7,9)=1+2+1+2+1=7
12 (7,9)(11,12)  cr2=1
13 (7,9)(11,12) (2,4)(5.8) (2,7)(5.8) cr2=3+cr(1,4)+cr(6,10)=3+2+2=7
14 (7,9)(11,12) (2,4)(5,8) (6,10)(11,5) cr2=3+cr(1,4)+cr(2,7)=3+1+2=6
15 (7,9)(11,12) (2,4)(5,8) (1,4)(11,5)  cr2=3+cr(2,7)+cr(6,10)=3+2+1=6
16 (7,9)(11,12) (2,7)(5.8) cr2=2+cr(1,4)+cr(2,4)+cr(6,10)=2+2+1+2=7
17 (7,9)(11,12) (6,10)(11,5) cr2=2+cr(1,4)+cr(2,4)+cr(2,7)=2+1+1+2=6
18 (7,9)(11,12) (1,4)(11,5)  cr2=2+cr(2,4)+cr(2,7)+cr(6,10)=2+1+2+1=6
19 (6,10)(11,5)  cr2=1+cr(1,4)+cr(2,4)+cr(2,7)+cr(7,9)=1+1+1+2+1=6
20 (6,10)(12,11) cr2=1+cr(1,4)+cr(2,4)+cr(2,7)+cr(7,9)=1+1+1+1+2=6
d5-6-1 1 cr2=cr(1,3)+cr(1,4)+cr(4,10)+cr(6,9)+cr(6,10)=1+1+2+1+1=6
d5-6-2 1 cr2=cr(1,3)+cr(1,4)+cr(4,10)+cr(6,9)+cr(6,10)=1+1+2+1+1=6
d5-7-1 1 cr2=cr(1,4)+cr(1,6)+cr(2,7)+cr(4,10)+cr(6,9)=1+1+1+2+1=6
d5-8-1 1 cr2=cr(1,4)+cr(1,6)+cr(3,9)+cr(4,10)+cr(6,9)=1+2+1+1+1=6
d5-9-1 1 cr2=cr(1,4)+cr(2,7)+cr(3,9)+cr(4,10)+cr(6,9)=1+2+1+1+1=6
d5-10-1 1 cr2=cr(2,3)+cr(1,4)+cr(2,5)+cr(4,8)+cr(7,9)=2+2+1+1+1=7
d5-10-2 1 cr2=cr(2,3)+cr(1,4)+cr(2,5)+cr(4,8)+cr(7,9)=2+1+1+2+1=7
s s cr2,crl.
2
2.1 n<12
n<12 , 1 ( 3,
t(n,c) n : c ), n<12
Aac(n).
Table3 Thedistribution of the crossing number of all connect 4-regular graphs for n<12
3 n<12
n 9 1l o 1 2 3 4 5 6 7 8 The average crossing number
5 1 1
6 1 0
7 1 1 15
8 1 2 2 1 1.67
9 1 4 6 5 1.9375
10 3 9 28 15 3 1 2.15
11 3 30 97 97 31 7 2.54
12 13 84 411 608 349 64 14 1 2.94
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2. Aac(5)=1,Aac(6)=0,Aac(7)=1.5,Aac(8)=1.67,Aac(9)=1.9375,Aac(10)=2.15,Aac(11)=2.54,
Aac(12)=2.94.

n=5 6 , 1 , , , 7<n<12

y=0.029286x*—0.270071x+1.960141. 1)

The average crossing number

The average crossing number

The number of vertices

The number of vertices

Fig.3 Theaverage cross ng number regular of
all of the 4-regular graphs for n<12

Fig4 Theaverage cross ng number regular of
some random 4-regular graphs for n<16

3 n<l12 4 n<16
2.2 n<16
100 , 1
( 4), n<16 Arc(n).
Table4 The distribution of the crossing number of some random 4-regular graphs for n<16
4 n<16
n 9 ¢ 0 1 2 3 4 5 6 7 8 The average crossing number
5 100 1
6 100 0
7 81 19 1.19
8 14 67 19 1.05
9 5 49 37 9 15
10 L 21 58 19 1 1.98
1 12 4 3B 8 1 2.42
12 9 24 53 13 1 2.73
13 4 16 42 26 10 2 3.28
14 1 37 38 10 4 3.59
15 3 14 4 23 11 4 1 4.41
16 1 7 12 36 32 9 3 5.30

3. Arc(5)=1,Arc(6)=0,Arc(7)=1.19,Arc(8)=1.05,Arc(9)=1.5,Arc(10)=1.98,Arc(11)=2.42,Arc(12)=2.73,

Arc(13)=3.28,Arc(14)=3.59,Arc(15)=4.41,Arc(16)=5.30.

y=0.03178x>-0.275371x+1.960141, 2
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Abstract: The CCN (calculate crossing number) algorithm using branch and bound method to calculate the
crossing number of graph with small order is put forward to study the crossing number using computer. With the
algorithm, the crossing number of all of the 4-regular graphs Aac(n) for n<12 and the crossing number of some
random 4-regular graphs Arc(n) for n<16 are calculated. At the end of the paper, the average crossing number is
shown, and a conjecture is given that the average crossing number of 4-regular graph is O(n?).

Key words:  crossing number; regular graph; isomorphic; plane graph; branch and bound method
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