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1 SEA
p , Fo
E:y?=x®+ax+b,
abeF,a-b=0,4=4a°+27b" #0.
E(F))={(xy) e F,’ | y* =x*+ax+b} U{O}

E F JJE) E LD (%y) I_th
1.1 SEA
I(l<<p), E[I] E I_torsion , E  Frobenius d:(%y) > (X", y?) Tate T,(E)
, (p?—tg+p=0, t  Frobenius . Hasse '
#E(F,) = p+1-t, |tk2yp. (1)
, L{
#*(P)+[pI(P) =[t1¢(P), VPeE[l], o)
t=t modl . L TIh>4/p, (CRT), #E(F,) .
I_th f(x)(degf, = (12-1/2), E[I1\{O} X . , (2
Fo[x YI/(y? = x° +ax+b, f,(x)) ) Schoof . , O(log® p) .
E[I] ~ Frobenius F , | Elkies ; , | Atkin ( @D (% J(E))
B8y, | Elkies [Elkies : I sogeny ( )
), h, degh =(1-1)/2, A ¢(P)= [A(P)mod(y*=
X} +ax+bh(x), 4 # , t=A+A"pmodl tmodl. |  Atkin ,Frobenius
teF t?=p(¢+2+¢ ) modl, CeF, T r & (xj(E)
[ T t mod | T,.SEA Elkies Atkin L '\
I, t mod | , t mod| . CRT ,
, BSGS(baby step and giant step) , §
SEA .Morain [9] ,  Elkies | E | ,
E—"3>E, E—25E,,E I , ) I, L s
E [F1 E1 I E11 111
E—2sE,—2F, 122
K, I th f e » tmod|*, ,degg, =
(k-1) .
' ("%. ., t=amodl¥, be{0L..1' -1 t=a+
bl* mod %1 , [14] Virtual : T tmodl® . T ={a+bl“|ae
T,0<b<ll -1},
1.2
Morain  SEA . ,
1. .
: (a,b),p,Elkies I,nmax
:t mod |"™
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1. E = g(xy) I_th f,F hi(x).
2. Frobenius a.
3. for n=2 to nmax
3.1 = E, £,(%,Y) I, E i > E, (In#11).
3.2 Ena |th f, 1 A
33. (1T TR P , f,5n h.
3.4. A0<A<ly, ay=a,,+AU"™" :
(X", yP) =[e,](x, y) mod (y* = x* +ax+b,h(x)) . *)
4. return: t=q, + pa, ~modl".
, 34 F[x Y1/(y? = X + ax+ b,h(x)) xP(yP)
O(log p) . O(deg®h(x))  Fp v wh(X)
9(x) [h(x) , &, *) .
(x",yP) =[e,](x, y) mod (y* = x* +ax+b, g(x)) (**)
: h(x) 9(x) , **) a, tmod|” :
Atkin s , a, (**)
h(x) N1 -)/8, %1 n , h(x) , k(x)®*"2 mod
h(x) ( k(x) te.), h(x)
P P N P R PR h(x) s On1 Onloa ,
Onalngerlarly h(x) . ., h()
. ( 20) , ,
n degg(x) < Ydegh(x),  (**) *) va.
) , , 40
I . ,
2. .
: (a,b),p,Elkies |,dmax.
: (k, t mod 1%).
1 E &(xy)  h(x);
2. a ke1;
3. Eca aaxy) By > Bl let);
4. fi5e heas
5. h(X) < h,.i < k+1;
if degh(x)>dmax ,goto step 6;
5.1. g(X) < h(x) Jif 1=0, goto step 5.3;
52. h(x)«<g(x)-1;,i «i—1,goto step 5.1,
5.3. A0<a<l), ay=a,+A""
(x",yP) =[e,](x, y) mod (y* = x* + ax+b,g(x)) ;
k < k+1,goto step 3;
T ={a +p-a, " modl*}
7. Return: (k,TIk) .
, tmodl” n , nmax

, Elkies ,

p=2%+7,a=1b=6,1=3,
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Pentium11,450Mhz tmod|® 314 (h(¥) 27 ); ,
(1-*16D 5
=3, nmax=5, degg = 5 =3'=81, , , t mod|
1.3 SEA
SEA , 1 Elkies Atkin Virtual ,
Frobenius t ;2 , t T, BSGS
T t , 2 #T , ,
#HT , 1 3
D Elkies , ;
2 Atkin I, t mod | , BSGS ;
(©)] Virtual .
, [14] Intelligent Choise System( ICS) . ICS
, SEA , .
4 3 I, |  Elkies
Atkin , xP mod @,°(x, j(E)) ,deg @F (x, j(E))=I+1. Elkies , Elkies ,
t mod| tmodl*, (xP, yP) mod (y? = X3+ ax+b,h(x)) ;
(k-1)
degh(y =" -7, , o .
Atkin ,Atkin t mod | T, #T, , t mod | #T
_I¥
. N c _ATkk , c . BSGS
I ¢ Virtual , C,k/qku =1, #T
Lyl t mod|,* T (1<i<s), 3 ,
4 :(Imax,VirBound,AtkinBound,z), :
(€N} Imax  Elkies ;
2 [,(0<v<s)
@ [ <4/p.
I<i<s
® Lx]L*>4/p,
I<i<s
(© I, x[]#T, <VirBound
<i<s
I, Virtual T -
3 B#T"k‘ > AtkinBound , z [, t mod| , C (T (I1.T)
<I<s
[T >4p. [I#T <AtkinBound, , 2
1<i<s 1<i<s
p ) GF(2*°+7) 300
, 1 . Penium 64M
,450M Hz,win98. (Imax,VirBound,AtkinBound,z)=(23,10" , 3x10° ,2). 2
[14].
Tablel Comparison of the efficiencies
1
Field Configuration Scheme Averagetime () Minimumtime (s) Maximumtime (s)
218047 Pentium ,450MHz A 37.9 20.0 169.0
21047 Pentium ,300MHz ICS 66.5 34.7 334.7

© PEEREBEAD

http:/ www. jos. org. cn



:SEA 1159

) : , SEA

I #E(F,) ., #E(F,) , E I Isogeny I
, SEA t mod | , #E(Fp)z p+1-t mod I, |

1 E Fp ,  Elkies I, I_th h(x) F X

P p’
x 3 +ax +b
B T TO1, IHERF,).
p

h(x) E | X

(Xpy/ X, +ax, +b) € E(F,),  E(F,) | . T HE(F,) . O

(XP = x,h(x)) h(x) F, , xP mod h(x),
tmod | :
(x",yP)=[21(x,y) mod (y*=x’+ax+b,h(x),

p;
y?=x*+ax+b,
1. abeF,,ab#0,4=4a°+270*#0.
2. Atkin , tmod |
Elkies , h(x) F

p ’

X,o+ax, +b .
X, B 1,goto step 1;

, tmod |, p+1=t mod | ,goto step 1.
3. #E(F,) ,  HE(F) ,goto step 1;
, y =x*+ax+b.
3
4.
: p;
y2=x3+ax+b, ;
abeF,,ab#0,4=4a°+27b*#0.

N

tmod | :
@ | Atkin , tmod |
(b) | Elkies | <4, tmod |
(¢ | Elkies | >4, h(x) F

1

p ’
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X, +ax, +b
p
tmod |, p+1=t mod | ,goto step 1.
3. #E(Fp) #E(Fp) , HE(F)) ,goto step 4;
goto step 1,
4. y?=x3+ax+b.
3 4 , 3 (ab) 4 , , 3

=1,goto step 1;

, p=21_47 Fp 264 2617 ,
10 : -
:p=21%°_47;
:a=5010998137597857324482644726529916424714585;
b=1391074318475376408459666168311750783430782;
:order=1461501637330902918203685121540024994978925914423;
:(x,y)=(1849774946964655828063549341304231538196971,
106085596239133023520814327459780822844835115629).
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Abstract: The core of choosing a secure elliptic curve for elliptic curve cryptosystems is the calculation of the
order of a randomly selected elliptic curve. It is known that SEA (Schoof Elkies Atkin) algorithm is recently the
most efficient method to calculate the orders of elliptic curves over F,. Isogeny cycles method made by Morainisan
important local optimized technique to improve SEA algorithm. In this paper, isogeny cycles method is enhanced,
and a scheme of more optimal combination of the various techniques in SEA algorithm is provided. Furthermore,
some discussions are made on how to speed up the selection of elliptic curves with prime order, and an efficient
implementation of SEA algorithm over F, is described.
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