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Abstract: This paper introduces the notion of quantum Miiller automaton (LVMA), provides the concept of quantum recognizable finite
step language and the means of quantum state construction, and then proves the fact that four types of LVMA can equivalently constructed
from each other. By using those equivalent relations, it establishes the algebraic and level characterizations of quantum regular infinite
languages, and also explores the closed properties of these quantum infinite languages in details under some infinite regular operations in
particular at the same time. Meanwhile, this study shows that the behaviors of quantum Miller automata are precisely the quantum
languages definable with sentences of the monadic second-order quantum logic (LVMSO), expanding the fundamental Biichi theorem to
quantum setting.

Key words: quantum logic; orthomodular lattice; quantum Miiller automaton; quantum infinite regular language; monadic second-order

quantum logic; Biichi theorem

S USRS AT ) e R 2R 5IUE Shor T 1994 4R R B B TS HL_ AT KB o
(¥ 2 35N [R) 550925, Grover 1 1996 45 LR AN B 4725 4 A Ji& 1~ J7 WIS TR] 1) B R R A ol T K ik
B A2 42 vESHLRE A2 1 vhoCo i) R, DT DAL I 81 o 55 19 A 0 B 2 AN ok SR 27 1) — > H 883 BR R F 50 40
S, OB 32 B ATT AR S M LA, ey T o S AR A R T T A AN TR SR R A S S e L AL
(FEAR e 20 v 55 AT e 5 LT FE R BN 18], M0 76 581 S50 B SRR 1 AT A 5 2 22 UGN ), PR ke, A% 458 1) o SR04
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MO RAEH T RTF RGN0 T 8o i 1 UF S0 S ARl 1 A 4 N800 7 18 4 s SR 56 46 K IE A8
RRARAE 4R R T R SO AT I VR S T 5 T 4R (A 55 A Sh WL IR 2 i 1 vh B2 SR Lk Jy i (1 — >
TS5 ). H AT, B4 2R 2 5 2 024 R SO N AN R 45 R AR B a0 1 — BOA 957 A s LS R A A
) 0 AR SRR (3,41 70 N W AR 45t T TR IE R 1 S L T B PR T O T IE AR R AR K
A 10 25, T A X R B KD 56 4 RO AR T IE A 1) 3 IO, AT S8 S £ Boolean 1245 sl 22 LY
BRI T AR SC B AR SR P SCor AT 07 10 0 2 95 ST BR 8 b Midiller 19 B LI AR 06 4518 C7E S5t A v
FH % R AT SCHR[5-717 I & 7R M I T7 VA R B 7o SRS T RN, 5 35 B 1 0 75 v SRS AR
00 1 1) 5L ) O ) S I 3 VI A TR (32 A 2 i 45 L B T AR N ) SRR R B R A 3R s R T A P
AR R €, 75 21 LE AR U S8 B IR 45 2R

1 =F Miiller BFHI A ENX R EM R

T TR B IR R 58 A IE ASAFA L 1R 18 5 AR FR A 1 S AR AR (R 8 6, 7 0L SR [3—7]. 56 4 ¥ IE A0 4%
KSR B TR L=(L, < AV, 1,0,1), ot £=(L, < AV, 0,12 584504650 F 1 43 B2 B/ 70 5 f R TT ;<< 2 i e 0
XL AX 5vX 23 MRm X WK N R S5 R —Tois 12 L B IERSH L0 abelana*=0,ava*=1;
atr=a;a<b B br<a'. [N, CH R IEAREE X abel,a<<b B av(a Ab)=bAEL L E X H T LxL>L
Wik a,bel,a<<t X4 BALY a—b=1. 438K —N Sasaki 258,01 a—b=a"v(anb); WZH Ko E LN} a,bel,
ac>b=(a—>b)A(b—a). IEAT A H I H 515 5 2 I — B AL, v, >0 3 ARG IEH R, 32 JRUG &
A LY v, R0 A, Tl 4E G AR e, o=, e & n(J5h) 15 A 7545 25l /T e K 5
XM= 38 7T v B =23 SRR L0 (38 8L VR — IR L I /N R RS AR xed HEE
Sl xed l=AG); A R i 7201024 HACAN o =1,3F10 4 EX o X LHIA 74 X, X XI5 H: T (commutator) f(X)
W X = { Agexd D) X {1,- 1 T sy o a'=a,a7'=a".

XA 2= {adla: 02} A ot — A HAREUEE 0= {0,1,2,...} 3 ¥ BRS04

A0)a()a(2)...(n)(nt1)...,
FRZO TG N o 55 (K BTN 45 B (R N B OG99 W), — R F B o, By, SRR,

EX 1. BT Miller HIHLRF B TE A Miller H3hHL,fEH LVMA)Z Tt 4 A“=(0,2,6,LF), 3L,

o O HRIART A BRE, 4 R A RS NAG BRI AT 55

o LO-LH O ML FIE ARG

o SOXIXO>LETNIREFR AL

o F2OFIRLRA.

U1 i

o g NWIIRIRE, LN gel;

o P HLREILH PeF,

o HINGRE g B p,id N (g,op)el.

XL R A R 1(g),1,8q,0:p).

LU A LVMA AT U (B 32) B 4815 = 1 R 1 i i AR 2 SR atom(A), H)

atom(A°)={"qel’|ge O}V {“PeF’|PcO} U {"“(q,0,p)€’|p,ge 0,0 2}.
1
(i) & X 15T Miller H L5 CHR[8-12]H & 3t Miiller A BIHLE XA Z ALE T A XHIIRREZ
B T N CAET PR 74, B i 2 2R AHE B oR B0 IE AT AEAS Crp AR (B X — 8 XA iR LVMA #2
i BRI L 55 R o (e 40 e I i 7 1B 4 ), AT B 95 R B 1
(i) MM E £={0,1},E1 Boolean A%, &1 Miiller HFIHLIE L & it Miller HFIHL. BRI, A2 Xl LA R
2 M BT Miller B 3hHLITE IHE
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#3445 2T Miller A S LR M2 TZ4 29

EX 2. WA=(0,2,6,1,F)iE LVMA,# 6:0x Ix0—>{0,1} R 7R S B 06 B UL 78 LVMA O B 23 BIRZS
B R B B0 17 SRR E 2 Mdller B SIHL(H K LVSNMA).

EX 3. WA=(0,2,6LF)% LVMAE LO—LEB1 O ML T8, RARVUEIRE, S A EME—IRE g0
43 I(q)>0,1M] 5:0x I} Q— LT IR A FE 7 v B, HAth e ST 7R g€ 0,0e A EME— R4S p 1145 g, o,p)>0, UL,
R LVMA A 5E 5 Miiller A ZIHL(#X LVDMA).

EX 4. WA=(Q,2,51,F)Z LVMA L LO—LR O MLH TH, R RWIIHIRAS, R A EME— IR g0
{#13 [(g)>0,H.6:0x3>0 ARG o 5L IX BB LVMA b HA 2 BR S H8S s 2000 17 2 28 Miiller A
P FR LVSDMA).

HAYE—D LVMA, % T(0,2)=(0x2x0)* ST & a=a(0)a( 1) (2)... a(n) ar(n+1)... € Z°, 5E L ALEHIN a F 1
#4520 0o(a)=t(0)t(1)1(2)... € T(Q,2), He 1 ,1(1)=(q, (i), qi+1) € ,9,€ 0,1 = 0. AEA G LHE IR I K DL, #45 o( o) A I R
faiic A 0. 5340, 51N T Hld

o F b(o)F BT oH I 1 ANRE g0, B b(0)=q0; 5K 17, B a1 A B 4% o472, B 16(0)=0x;

o ARFBRATERN o F H 12 M2, I R={0|lb(0)=a} =T(Q,2);

o A% RR B AHHELTZA n”;

o i In(o)Rm 2o L HIILTETT 2 IRIVIRAS Z 4,11 In(0)={qe 0|3°ne o.t(n)=(q,0(1),qn+1)}-

P A OB R B R A W In(0) AR B A RS Z AR FAR I — A T0 3L/ In(o) e F.

PLR A T RGE 5, A D) i AN D L A1k LVMA Z 4.

EX 5. wA%eA2),E X T(Q,2) LLE(I0) MR E T pathd € L(T(0,2)) (BN T(Q,2) B LI Ky XF
fER o=1(0)()X(2)... € T(Q,2), path] (Q)d;//\,-ao [(9:-(i).q;,,) € S]:1Mfir i@l path’ (o) FIIFERE X

def

[ path(0)] = A=y 8(q,,a(0),4,..)-

EX 6. KA e AU, E 20 LAA(—T0) PR AE I rec € LX) (BRI ZZ] LWL A AT 5 a=a(0)

a()a(2)...€ 27, recﬁ(a)ti;f(ﬂg € R).(b(o) € I Alb(0) = a A path?(0) A In(o) € F) ;i il rec () B EAHE XK
[ reci ()| = Vil (b(0)) A| pathi(0)]| 0 € R.Ib(0) = @, In(0) € F}.
20 e X3 A 4 AT
[ rec(a) | = viI(b(0)) A| path(e) || e € R,Ib(0) = &, In(0) € F}
=V(gy) A A200(g;,a(0).q:,1) | 0 € R,Ib(0) = &, In(0) € F}.

HET B rec 951 Miiller HBIHLACER (3252) 10 2 E 1 LI o 5 (L5 ). H LE)F R LT L
B o1 5 (o7 5) L BN S E R T o IEWE 5 (095 IE WG 5).0 AeL(27), 477 (£ LVMA A1
A=rect, IFK A 2L HHF o IEMNEE.

U LVMA A=(0,58LAM A” = (0, 5.6, 1,, F) W (3552 ) H R 195t T - 16 T35 25 N, BFWHT: % cre 5,
[recj{ (a)—‘ = (recj\’] (a)—‘ JRACHT A FHE G, 10 A = A

T 56U T4 Midller [ BT ) JE L8 4518, i T A% S 80T AR 38k 11 23 P AR, 7 3t 738 0 A B e />
I3 TCAHE, R TR B T B HE LS — AN T o

WA =(0,2,6,1,,F) HA” =(0,,2,8,,1,,F,) AT E P LVMA, 3 e [ sl 1

A x AL =(0,2,8,1,F),

o 0=0,%0, =1 <L, F=F | xF>.

M 8: 0% ZxQ— L5E XN SR (p1,02),(91,92) € O, 0€ A K(p1,p2),0,(41,42)) =8P 1,5, )AKD2,0,02).

WL A A =(0,2.6.1,F) M A =(0,,2,6,,1,, F,) RAE A~ LVMA, BUT 4518 o7
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(1) SHERE a2 BAT EX y(atom(A”) U atom(AL)) — (rec (a) Arect (@) <> rec (@)
() WF AR
(i) L% Boolean 184Y;
(i) MER ac2?HA E- rec (&) nrecty (@) <> rec ., (@)
AE
(1) ZEICHER[3]7 i Proposition 6.5, 1IF 45 18 %A%
2) ()= ER;()=0), A TR XHMER a,b,ce L,#H an(bve)=(arb)v(anc)iEr.
TR abeel i LVMA WF: A” =(0,2.,6,,1,F) Ml A =(0,,2,6,,1,, ) Hh,0,=1,={p},>={c},
Fi={{p}},6(p,0p)=a,00={q.r.s} . L={q},. Fo={{r,s} },0:(q,0,7)=b,5x(q, 0,5)=¢,5x(r, 531)=1,8,(s5, 0,5)=1. Fyiik::
(recle (0'“’)—‘ = a,[recjz (o"”)—‘ =bve.
1M [ rec 4, () | = (a Ab) v (@ A ) , i PGl AT 40, 53 B
BA=(01,2,0,,1,, 7)) AT — LVMASHER reL i LVMA U1K :rA%=(0,2,6,LF), 3t 1 ,0=0,,F=F,,6=6,,
=ral B TR qe O0,1(q)=rALi(q). [
WAL 2. 4 A°=(01,2,00,01,F) AT — LVMA JUXE R re £,BL T 4518 L
(1) ML aeZ® B ES y(atom(A”) U atom({r})) —> (r A rect (@) <> rec? () ;
(2)  WR SN
(i) L4 Boolean fL¥;
(i) AMLE ae Z2HA EX r arect(a) <> rec’,(a).
IE:
(1) ZBASCHR[3]7 () Proposition 6.5, 5) i 45 6 BT
2) ()= R ()=30), L FFIEHTE a,b,ce L ar(bve)=(arb)v(anc)Eir.
ST a,b,ce L1 LVMA W1 A%=(04, 2,81, F)), o,
0={p,q,s},2={c}.i={p},.F1={{q.5}},8p,0,9)=b,&q,0,9)=1,8p,0,5)=c,ds,0,5)=1.
ik [recj{ (o"”)—‘ =bvec. [rec:’A (o"")—’ =(anb)v(anc), HEMG) T H,an(bve)=(anb)v(anc) EAL. O
3 LR 2 B T BT o IE E O T RS IS BB R RS B — A J AL T I NAS e IR A 1
(RPORAE T JR &0 3 FL A AT ) X L 250 AR AR 2 O IR S B B v] B0 I - 1 1 - IE UG B 4 TANB 5. AT
HEHAZH . A o-Kleene [HALIE H (HAKIE B 8 LG S0) A& 15 43 1, D6 ZRUB RT3 Be A3 75 7 AH PR 1)
A, DL B SR T A3 FE A AN S A BT R BT, TR AR SR F ARG T AR AR AL N N FOE AL R A
DAL — D8 B A i H R LR IR I 9T 2 T oo 1E W35 5 AR B0 %0 ), T ORIE DA b PR AR & 7 2 S AE
BN MO BT
KGN E TR T, LU 3] LVMA SO (B 52) I & T o 1F G 5 MR 5 B2 1T BRI,
SIER 1M B 7 X N 1A PR AR XA B AS A 5 IV -2 (L X X) 8 2  BRAR), HL
X = oAk =10, 0 e XPO{1 X ={x v vk = 1y, 0e XTO {0},
WAL 3. XMAE— LVMA A“=(Q,%,6,LF), AR YU I i1 - IEWTE 5 rect) 1E 0 A 202 LR ok 80, B 4R
Im(recy)={reL|3ae Zw.Pecj(a)—’ =r} ELWA T4
E A SRADUSCRR 7], 7 B R O

2 &F Miiller B zh#l 89X &% &

EXT. BEAeL(Z),BAAE ar,as,....are L~{0} 431 Miiller H AL AT A ) - IEWE S Ly,..., Lic 20 13
A:vleailL’,,H\EF',lL‘_ Ror L WHEFE R EL AR 4 hEFAH RS Miller AN IR o185, k2 Eid
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#8145 &:%F Miller g $hLs kW& -FiZ 4 31

steply (2) ARG T AR I i o- I NE 5 (0 4 1.

WL 4. WA=(0,2,6,LF)AT— LVMA, I LAE(—78) /] HAE A rect, e £L(X°) Z&EFH R Miller H3)
MU -15 5, B rec € steply (2).

WA X=Im(DoIm(S), M X BARANLINH BT =X, HE1E 1 08y, LRE LI R T8 Y%
Y=Y1—{0}={ay.as,....a;} FHER a;€ Y HIE L Miiller HEIHL A, =(0, 2,61, F, ) WI'F:4 0'=0xY, W3R.0 AT
[RE L SR oe 2R (p,a),(g,b)e Q' p,qeQ,a,be L:

1, #Ha=1(p)

o VHARRE I:0—{0,1} & H 1’((p,a))={0’ a5 ’

1, #b=and(p,o.q)

° ﬁ%tfﬁtiz&é&éﬂQ'XZXQ’—){O,I}EX?’J 51((17,“):0"(%@):{0 7;;‘}]-]]] >

o HIREF, 29NN F, ={F x{a}|F e F}.
SHRIS S B 5 SUI. AR, I SR Y Miller F1ZIBL A, WU 5
L(A,)={ae X |oeR,In(0) € F,lb(o) = a,(recj{ (a)—‘: a}.
e, f e 6 FILL A E T A
[ reci(@)|=vAI(b(2)) A| path§(0) |l 0 € R.Ib(0) = @,
In(0) € Fy =,y v{I(b(@) A[ path§(0) ]| 0 € R.Ib(0) = .
In(0) € F} =V, oy {a; | @ € L(A, ),0 € R, Ib(0) = a,

In(0)e FY =V, oya; A lL(A,,, @)=V, y(a~ 1L<Au‘ (@)

O

Zi LAls, rech = v, ya, Ay, SCHE X7 WTER, rec € stepy(2)

H#it 1. WA=(0,5,6LF)EAT— LVSNMA(2 LVDMA, 5k LVSDMA), I L8 1] R 5115 17 rect e £(X) A
FAHBRD Miller AZIHLAT R o155, B rec € stepy (X).

WS, WA SLHET oS, L FIBW SN

(1)  Aestepy(2);

(2) A LVMA A“=(0,2,6,1,F) 413 4 =rec ;

(3) {F1E LVSNMA A“=(0Q,2,6,1,F).f1%F 4 =rec’; .

JE

(D=Q):HE T, A=vial, Je,Ly,.. LSR5 W] Miller [H LTI o- IENE 5,2 YU L,
() MA N A=(05Z,EinqoiTF), B2 i 1F,0,00=D K i LVSNMA A“=(Q,%,5,L AUl F:

0=U., 0.1 =a,F =, %-

M &:0x2%x0—{0,1} 4 5(p,0,q9) = {:)’, @%;\G’U’Q) =& a0 JU G E A= (recj{(a)—‘ =vial, .
B)=>Q)=():HEX 1. FX 2 LA 4 BAR. O
WL 6. W A >LAET ol F, UL NI

(1)  Aestepy(2);

(2) 177 LVDMA A“=(Q,%,S,L,F), 815 4 =rect;

(3) f##F LVSDMA A“=(Q,%,5,1,F) 413 4= rec.

IE B :(1)=(3)=>(4)=>(1): [ BT HiE. O
W7 R A SLHBET 0BT A G LVMA A°=(0,Z,6,LF)F Y A7 LVDMA A” =(0,,%,
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S0 01, F) A AT 5 are TR AT EX rect (o) <> rect, (a).

UE W EH R 5 R Al 6 455 4 L B B HLERE ] A, 2518 WAR AL O

T 1. W AISLHE T oS, LN IEHEMm:

(1)  Aestepy(2);

(2) AF{E LVMA A°~(Q,2,8,1F), {13 A=rec;

(3) fF#£ LVSNMA A°=(Q,%,5,1,F) 14 4 =recs;

4) 171 LVDMA A“=(Q,%, 5, )13 A =rec;

(5) 1## LVSDMA A“=(Q,%,5,1,F) 415 4= rec.

H15E S 7 M 4 DA 28 ot Miiller [ B LIS 5 %01 LA 52 B R A7

T 2. WA SLHET o1, L FIBW SN

(1) 177 LVMA A“=(Q,%,5,.F), 1§43 A=rec;

Q) AFHHE a,..are L~{0} LA K - IEWIE T Ly, Lo A=viia], JEd,1, %08 L R IE R AL

() F1E ay,....a,e L~{0} LI IAZE I o IEWIE 5 Ly, L BEAR A=vial,

T 3. WA SLHE T oS, U IEEMm:

(1) 1€ LVMA A°=(Q,%,6,,F), 13 A=rec?;

2 HEE Im(ADNFARE HXMER ael-{0},4 I a- Bt Ad~{ae2d(a)=a}RIZ LN o ENEF, A
A=V, gal, e 1, IR A, RFHE R EG

(3) EE ImADNAMRE HAER ael—{0},4 1) a-Z5 A ={ac2A(a)=a} it T LM o IEWEF, H
A=V oo qgaly, ST, BRIR A R AT PR KL

3 EFolENESXTEMNZEER AN

WAL A,BeL(Z%),aeLl,FF AVB. 7T AAB. #h A VL RHECER ad 5 X WL ae 2°,AvB(a)=A(a)vB(a),
AnB(a)=A(a)rB(a), A (@)=A(a)"ad(a)=arA(a); HER Ue L(ZF)(VFE W ICHR[5]),4eL(Z°), PGS U4 & X h:
KL ae Z°,UA(a)=v {U(a)) A (o). a o€ a,on € ZF o€ 7V 45 Ve £L(ZF), Hitt— 03 &2 sesupp(V), AN & 25
B,V I o-Kleene L Vg XN TR ae 2 V@)=V ir=o ). a=aya ... q;...,006 3 i€ o).

EI 4. BB steppy (D) KT ETEFTAE MR AR, B Hrshiz .

WYL XERE 4, B e steply(2) ,HUEH 23),% A=V, a1, ,B=V] b1, JLHLLA M #RZ M Miller H3)
BUAT U500 - T U35, FL ALY, PSS, (MY, RIPEP AL,

o RTHWIFZM AvB=vial, v Viably, I HE R 2(2), Av B € stepf(2);

o KRTHMWALBA AnB(a) = A(@) A B(a) =V a1, (@) A Viably, (@)= Vi VI (@ b, o, (@), T

AN B e step(2);

o LTHEMX rel, By rd =vf:1(rAai)1Li JHEE 74 € step (2);

o RTAEBHIE A =via'l, v P T SRR, H s B 2(2) n] A, AT € stepy (2). O

LAR 58 B LI step”(2) 278 L A7 BRAZ AT BRI T8 35, 1 W SCHR[S).

EI 5. XN TEE step (RS steply (2) LT 4518 1T

(1) # Uestep'(2), A e stepy(2), W UA e step,(2);

(2) # Vestep'(2), B3 —205 & ez supp(V), AR 2538 5 0V e stept (2) (w-Kleene [#14L).
AE B
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o IEWE S, B AU, PIANAE, (MY, RIRE DT ANAE . BE T 5 S
Ud(a) =viU(ay) A Ale,) | = aya,} = viviLa, () A v;:lblej (@) a=aa,} =V Vi (an bj)lyi_Mj (a),
BR1 b, FH 5 B 2(2) 0] 411, UA € step'y (2).

(ORES VS NVARGEEGIENS O

T 6. WL=(L1,<,AV,L0,DHAIL=(Ly, < AV, L0, 1) WA SE & BT, H g1 Li—>L, 2T — Wi, 37
Aestep(2), W g(A) e step (2).
EHPIR Aestepy, (D), HEH 23)WT AL A=vi a1, Jed,L 228 Miller H SIHLATYUN i o- £ W35 5,
HALYL I ARAE FIE g(4) = g(visal, ) = Vi g(a)l, HHE B 2(2) AT 411, g(A) € stepy, (2).

EI T Wh: 20> 2P NAELUFER oL

(1) # Aestepy(2,), W h™'(A) = Aoh e steply (X);

2) W R IEE re 5, h(D=e 47 B e stepiy (X)), h(B) € steply (2,) , H. h(B)(@)=v{B(V):h(V)=a}.
I A BT SCRR[ 7], TR FE AT E. O
Rl 8.

(1) SHMEE A,BeL(Z)H CeL(Z), A EX y(Im(A) U Im(B) U Im(C)) — (AB)C <> (A(BC));

(2)  LAUR&ATSEN:

(2.1) L4 Boolean ft4;
(2.2) XHEE A,Be L(ZF)F1 CeL(2°),[FEH (4B)C=A(BC).

A

(1) AL T SCHR[S], 7 B ATHIE

2 2.D)=02.2)E%;2.2)=2.1), AFIEHNER a,b,ce LHA an(bve)=(arb)v(anc) ..

$Fre ZHL A,Be L(ZN)MI Ce L(Z2)NF:

(1) Bk Uestep'(2), A € steply (), HIL, U = v a1, , A= v’;:lblej AL U R 2 I E S 1T M, R4

O

¢, Arw=r

b, iw=1
iz “his a, %w:z-w
A0 =11, Fw=z, Bw) = LA%W—S’C“”‘{qum ’
0, 7l 0, 711 e

N(AB)C(t”)=(AB)C(71”)=AB(t)Aa=((A()AB(&) )V (A(EAB(7)))Ara=((bAl)v(1Ac))ra=an(bve).

M ABC) ) =(A()ABC(r7°))V(A(&)ABC(777°))=(bra)V (1 AB(DAC(1))=(bra)v(cra)=(arb)v(anc), H 45 &1
(AB)C=A(BC) L W] 51,53 LA an(bve)=(anb)v(anc) L. O
4 BARZMETFEEREFTEXMIES

BT e T, A6 D B — B @ 4 9 B AR S R R AH DG 38 75 5 1 2 L SCHR[8—12].

EX 8. FHRERI L LVMSO 4 2 5 T 41 BNF JE AR GE X

@:=r|Po(x)xSylxeX| v yl-p[Ex. g3 X. 0,
L rel,oeZy,y H—MZE, M X I _MEAREZE.
HIE i S~ A
o ornyE—(—pvap);
o o y=—ov(eAw)(FR N Sasaki ZHiH);
o po (oo YNy 9);

o Vx.p=—(Ix.—9);
e VX p=—(3IX.—9).
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LLNH Free(p) R 22 b MBLIG 44k A di22 8 A LVMSO(D)FR R Z LT AT LVMSO A2 4.

EX 9. W peLlVMSO(2),V 4 H WAL B4 B Free(p)cV, W oty V-8 L5E XL 3, LI0EF o i &
[o],: 27 > L WER (o, f) € 2024 fARA BV, )35 IR M [ @], (2. /)= 075, [ o], 134485 S F:

o [rl(a=r
I, Ha(f(x) =0

o [R®] (@) ={0’ w1 ;

L 0< f()

. fxgﬂy(a,fh{a mmx 7,
. 1 e ),
fxeXL(a,f)—{o’ o ,

o [—ol(@N=[e] (@) ;

o [ovyl (@)=l (@NV]y] (@)

. |_Elx.(p—|v (a,f)= \/{Pﬂwm (a, flx—>i]):icew};

o [Iol (@N=v{e], (@ f/[X >1):]cw}

B @ H @ oo 5 5,75 b 107 W o H 28 L, Al o D 2 B REF 06 5

WA 9. B peLlVMSO(2).Free(@)V. M [ @], (@ /) =[0](. [ |iecipy)-

B o h BT ol F o o], MR T o ENES.

TR B LR A 2 o HE R A ] 5 ] 1 A B AT A 4 BT O
5 2T Miiller BRI BIK_Hi £ FiBEHEA

T 8. WAV I BT LVMAAFAE EeLVMSO(2) f{i45 recs =[ £1].

B LVMA A°=(Q,5,6,LF), H rect = A. 4 T=0x3%0, % (p,0,0) e T B AR X, 50, A V={X, 0|
»,0,9) €T}, % |V=m=|01| 2,3 H,| 0L VLI ZE R ES OV IR L EAN LA X =(X,,..., X,,).

5 LA ol

@(X) = Partition(X) A ( A ETVx.((x eX

1:0:4)

)= P (X)) AVXVy.(y=8(x)—> v (xeX,, )r(yeX,  .)),

p.od p-q.r€0,0,7€X

e, Partition(X) = Vx. gl((x EXIAA=(xeX),(y=SX)=(x<NA-(YSO)AVz(ZSxVy<2).
B, 2 2 SR x BG4k x+ 1,7 B0 2y y=x+1.
Xt a=0y010y...€ 3°,%  Assign(V,a)={f |r§ﬂ(a,f)=1 VRORTH WL AR oIV, a)f5 7[[%(E|]r¢1(a,f)=l)%ﬁ,ﬁﬁ
Ro={0dIb(0)=a Ron T b h a2 B & 2 Jl A7 AE MAR 5 Assign(V,0) BIBE G R 10— W,
&SNyl R
VI =AM A (e X, )>dpaa)a
@riitial (DA v (e X, ;) A TP

(va IxVy.(x =< y) > (( v yeX

(y <= X
DN VX G IAATUOSDA v X, )

0.0€
i Initial()=Vxy<x. B L, A5 v Vx3y. NTE SCTT KB SR LVMA AER N ae 29 F A — 4 %
1 0,2 7547 2 LU IR N {0,1}.

I, 45 0= (0)H(1)U(2).... =(U(i))i=0 B A LI 4 LW ARIC IR AR, 1T f, A0 RV, @) $R IR T AT 7 € T,
2 o= {iltD)=t} F5 0u N R AT BB AR A S v Ty, M AT AL [y ], (e f,) =0 375 W00 2 47 2 12, 1
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#8415 5.2 F Miller g $his Ik —_Mr&-FiZ 4 35

]n(gtl)ej:;}J\ﬁﬁ |Vl//—|v (a7jfga) :1(q0)AAi205(q[>G[’qi+l)'
i&rﬁ],%é\g&ﬂz\’lEIX,,,(//(XI,,X,,,),XUL1}_%0£=O'OO'IO'2ef”,)ﬂﬂﬁ
(= v Wl @N= v W], @)=, v (@)AA-056:0.6.0)

[edssign(V,a) In(og )eF
=Vv{l(b(e,) A path§(0,) || 0, € R,.Ib(e,) = . In(,) € F} = rect(a) |
2 L FTIR AT AT A = rec, =(§—‘,Wﬁt%ﬁ/})&j. O
SIER 2. 47 weLVMSO(D) M 11,0 [y | e stepy (2).
W HF y=ae L,B3E LVMA A“=(Q,Z,6,1, F)I T :0={q} L& oe 5% &q,0p)=1,1(g)=a,7={{q}} . L RE
[v]=rec = alg,.
S F y=P () <ylxeX M, B SHh, w2 2 g MSO 24 30,28 Aty it B n 2 AR 2 WL SCHR[8—12]. 1K I, wite
£t Miiller AZIHL A® ={0,2,E,q,,F} FriRil. 4 A° #4628 LVMA A®=(Q,%, 6L )W F:0,F5 A” A1, 1

L(qo)=1,4HT & oe Zp,qe 0, #i(q,0.p) e E,M A Kg, o,p)=1. AR LVMA A“HE YU wl. O
513 3. 47, peLVMSO(2), H.[ ¢ |.[w | e stepi (2), W[ =@ ovy [ o Ay | estepl(2).
B = H o] ovwH o M wll oawH olAl wl 15 B8 4 77 5045 18 o O

SR 4. U h: 3 — X N RS, HLI T & oe 2, k()28 WIAHTE 4% € A2(2),0 € 57,
EE reciy 4, (0) <> (Fa € £ h(a) = O)recs(a).

BT recy 4y = h(recy).

It 7 BAR. O

513 5. 47 weLVMSO(2), H.[w | e steply (2), W[ Ixy |, IX .y | € stepy (2).

i B A V=Free(3x.w), N xeV. 31,4 heZy g =2 AL x AT 0 R FE BT E oe Z,UcVU{x},
(o, U)=(o,U—{x}), W B I (o, Uye Xt (o, ) € 2y, f AA BV, )38 IR 4 BAUYE R icof x>l AN
BIOVO{x}, )RR,

K, ST (a, f) € Nv,l_EIx.l//]V (@ f)=V= (l//—|wm (a, fIx > i]) = h((l//—|w{x,)(a,f).

X R g fE = NSO BT A ARV}, o) 38R, B Ao f)=(af) 2 HAUUAFTE i offif fi=fx—1].

Bl 9 J Free(w)cVuix} Al A1, [y ] AT o IE WG 5L EIT B 51 BE 4 FTAN, [ 3xy | e stepy(2).

Vuix}
T [3X | € steply (2) BT T, A T4 — A2 & x 3 A8 & X[ B AT HE. O
TEIR 9. WEeLVMSO(D), MAF{E LVMA A i rec =[ £].
JEB g B 2~ B 5 AR, O

EFE 10(Biichi EIB). 4 e step?, (2) 24 A S A77E Ee LVMSO(2), 1115 4= £1.
6 HitERE

ASSCAG By il SCOX AT 705 40 B 1 S A R SO A A £ kR RO Ak BH R B R O i AR A AR K
AT TG OE TS e R W] EE TR 1 2 R 10 Miller H B HLAR S T4 84 Miller H S AL, — J7 1, & AT TR
FHZ AR, — AL BT I, N L I, DR T P 153 4508 R A R ALK 3t 7, SO A R AN [ B A 28 i
Miiller H NI A7 5516 5 15 70 93 16 5 10X B2 M 78 X H2 12 SR W 2 45 5 A I (R 7E 2L T i 2 4K
Miiller H ZHLELE 0,45 A HEAS PO 55— 05 T, T 7~ I2 A Midiller H 2L T OB 28 ) Miiller H 3L
AR PR R D A PR 2SI A SE B, AT I 45 45 18 A VF 22 JAL R M T A6 310 M, 2 £={0, 1} I 0 1 (1 12 48 48
WP, B IR I TR M 28 ARG TR B I R SO I Miiller [ ZHL55 £48 0 Miiller H Z)HLA
AT B R IR AR AA 5 DX,
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SR, Hy T 20 WIE by 1 18 A 2 TR A7 A AR J5T DX, PRIk, 220 i P AE RS 00 75 32 AN B AR AS e T4 1 ) 0
TR AR R T AR G RS I R T BRI TUBT (10 B AR R AR HOE S DL B g e M B R ) B TR
A5 DX AN VR BIIK LA X ) Je , FRATDRE JE— 2D WiF T 2 T 1 38 A R A U 5 v, O AR SO B A S AR
Bz i 3 B BRI B S A0 BATTE R 1E 2P R R LA R 1R S BOR, U R AR & 73l A5 v 1T g
IR

Buft A O R N PR AR 3
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