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Abstract: Based on extended Dixon resultants, a new algorithm DR (Dixon resultants) is proposed to solve the
system of multivariate polynomial equations. The basic idea of DR is to apply the extended Dixon resultants method
to the system of multivariate polynomial equations, by taking x1,%,,...,X,_1 as variables and x, as parameter. The time
complexity of DR technique is evaluated. It seems to be polynomia when the system is sparse and m=n, and the
mixed volume is polynomial. Moreover, DR technique is compared with Buchberger’s algorithm and XL technique
in this paper. It is shown that DR is far more efficient than Buchberger’s algorithm and XL when m=n. DR is a quite
efficient algorithm and makes a good use of the sparsity of the sparse system. Besides its efficiency, another
advantage of DR is that its complexity is easy to determine.
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DR (Dixon resultants)
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: TP309 CA
, ,AES(advanced encryption standard,

) [1]’ ,

= Supported by the National Basic Research Program of China under Grant No.2004CB318003 ( (973))

Received 2005-10-09; Accepted 2006-04-17

© R

http:/ www. jos. org. cn




:Dixon 1739

., HFE(hidden field equations) 2
Groebner 3] , ,
Fal4: XL(extended linearization)!® . XSL(extended sparse
linearization),FXL (fixing and XL). , : .
,Groebner , XL
,Groebner , XL
, Groebner .Dixon
(6] , ,
,Dixon ,
, Dixon
, DR(Dixon resultants)
1 Dixon KSY (Kapur-Saxena-Yang) 2 DR. 3
4 5 DR
1
1.1 Dixon KSY
1779 ,Bezout .Dixon 1908 3
k , k+1 k
Dixon
k+1 k PS.
P4 X %) =0
PS= pz()(lvxgv'--‘xk)ZO
P (%%, %) =0
,0,...0¢ K ) :
pl(XiL'XZ'"'1Xk) p2(X11X2l""Xk) pk+1(x17x27"'7xk)
AKX X oos X @ g @) = Pu(eg, Xor X)) Po(@ Xor X)) on P Xo, 0 %)
Par, @y, n)  Palan, ) oo Pralan, @y, 0)

Xi:ai(i:].,...,k) ,

X1:X25 4+ s X A1, A2y -+, Ak )
A(Xl,XZ, cey Xiy X1, 002,y ,ak)ZO.

(X)X o) ... (Xi—an)  A(XqXa, ... X, 1, Olpy 1 O )
AKXy Xy ooy X Oy Agye oy O )

(X X e or Xy Oy Uy nCU)) =
B N ooy o

P1.P2,....P+1  Dixon

Dixon ay,0,...,0 , m a,00,...,0
Ci(X1,X2, ..., X)=0,i=1,...,m.
X1,X2, + .+ Xk , C p:=0,p=0,...,px1=0  Dixon . ,
Dixon
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, (X1,X2, -+, XK) €1,6,...,6n.
,Dixon
e, 0
o=D : = ,
e, 0
e 0
D Dixon €1,6,...,6n , P1.P2,....Pks1 Dixon . Dixon
, Dixon .Dixon 0, PS
,Dixon , 0, ;
,Dixon , Dixon . ,Deepak Kapur,Tushar Saxena
KSY , Dixon
k+1 F, Dixon D,
SI1XSy, r. , X1,X25 -+« 1 Xk C, X1 Z0AX#20A... A%20. m  Dixon
i, monom(m). C, nvcol(C) 0 ,
C=monom(m;)=0.
N D nvcol (C) Six(s-1) . o, a,...,)—>Q
: , Q HF),4D) ANy
FD N, . , R={Y)Y D rxr }.
1 IXeNy(rank(X)<rank(D)), YeR, #(det(Y)) 0, #(F)
C.
1 IXeNy(rank(X)<rank(D)) RSC(rank submatrix construction)
, R KSY Dixon :KSY Dixon Dixon ,
: (2
1 Dixon
F Dixon D.
2. Dw=0 ,Vv:(wl,...wsz) .
3. w Wi, w;=0 C=monom(m;)=0. Wi, D
, Dixon
4. ,
1.2 (mixed volume)
f » N()
178 #Q1,Qz. . Q) .Q ) Minkowski
#(Qy,.aQ +bQf ., Qg) = au(Q . Qe Qy) +0u(Q Q. Qy)
H(Qu,...,Q=dNVOI(Q),  Mol(Q)
1.3 MQ

, m n , GF(9)
L (%, %000 %,) =0

A= : .
[ (X X540, %) =0
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2 DR
DR X1,X2,+ - Xn1 ,
MQ Dixon 1,
A m=n MQ , GF(q)
. (a2, )=
2.DR .
m=n MQ A.
A
1. X1,X25 -+ Xn_1 Xn A Dixon
2. RSC RSC
3. KSY Dixon
4, KSY Dixon
5. GF(g) , Berlekamp
6. 5 KSY Dixon ,
7. 6 A s=(0,
3. KSY Dixon
s1xs,  Dixon
KSY Dixon
1 X, GF(q) ,
2.
3. M’ , ,
4. M’
€) M’ six(s-1)
(b) Ms r,
5. 4 Ms r,
@ M’ r
b ™M
(©) ;
1
21
(1) RSC (6]
2 KSY Dixon ,
(©)] RSC ,
O(s1x(s,-1)x(s2-1));
4 , RSC
3~5 , sH{p}, 6 RSC
(5) , DR
GF(q) KSY Dixon
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) MQ
) Dixon
,DR m=n MQ , DR
a,,8,,...,.8, A VA) A
KSY Dixon ,
) S,
RSC p ) 6
r,
Ms,
M’ r ,
) DR
v pe z(V(A);
) 0,
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2.2 DR
,RSC . ; ,
RSC XS Dixon 1, ) ,
1 , RSC , ,
) Xn . , 0 S
RSC 4 pe m(V(A)), RSC , :
. , m(V(A) ; ; P,
p S .
) DR
3
MQ , , ,
31 MQ
,DR Maple randpoly ,
GF(127) , 1 n: ;m: ;Terms: ;Mixed volume: ; M:Dixon
:M":KSY Dixon
Tablel DR over GF(127) for general problem
1 DR MQ
General problem
n 3 4 5 6 7 8
m 3 4 5 6 7 8
Terms 9 14 16 22 28 30
Mixed volume 8 14 26 54 124 254
M (55) (14,14) (41,38) (113,109) (236,222) (406,430)
M’ (55) (12,12) (29,29)  (71,71)  (150,150) (278,278)
32 MQ
, : A
, B
321 A
, A , i=XHXG mod ny+1XX((i+1) mod ny+1+0;.
n=3 |, { Xg+XoxXa+4, Xo+XaxXg+114, X+ X xXo+ 106}, 2. , 1
Table2 DR over GF(127) fro sparse MQ problem of type A
2 DR A
Sparse problem of type A
n 3 4 5 6 7 8 9 10 11 12
m 3 4 5 6 7 8 9 10 11 12
Terms 7 9 11 13 15 17 19 21 23 25
Mixed volume 5 6 12 17 30 46 77 122 200 321
M (22 44 (7,7 (1212) (20,20) (33,33) (54,54) (88,88) (143,143) (232,232)
M’ (22) 44 (7,7 (12,12) (20,20) (33,33) (54,54) (88,88) (143,143) (232,232)
322 B
) B ) =%+ modn)+l+x(2(i+1)m0dn)+1+b| .
n=3 {Xg+Xo+ X2 +25,Xo+Xat X2 +119,Xa+ X, + X2 +116}, 3. , 1
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Table3 DR over GF(127) for sparse MQ problem of type B
3 DR B
Sparse problem of type B
n 3 4 5 6 7 8 9 10 11
m 3 4 5 6 7 8 9 10 1
Terms 7 9 1 13 15 17 19 21 23
Mixed volume 8 16 32 64 128 256 512 1024 2048
M (44) (88) (16,16) (32,32) (64,64) (128,128) (256,256) (512,512) (1024,1024)
M’ (44) (88) (16,16) (32,32) (64,64) (128,128) (256,256) (512,512) (1024,1024)
DR
DR Dixon RSC , Dixon Xn p
pe m(V(A)), ) Dixon ,  KSY Dixon ,
; pem(V(A), 3 ;
5 4
m(V(A , e M , 5 . ,
p W(V(A) 177 O Q )
nxn , n®, n?3766, DR
min(sy, ), ,0=3; ,w=2.3766.
MQ , , Dixon ,
n-1( i |
:Dixon 1+ xj) , ﬂ , MQ ,Dixon
i=1\j=1 nix(n+1)!
| |
ﬂ. f(n):ﬂ, lim M =4, ,Dixon 4", ,
nix(n+1)! nix(n+1)! ol f(X)
MQ , , ,
n-1
|
MQ ,Dixon ﬂ , )
nix(n+1)!
Dixon Cc",C—4,C n
2, n=1..8
C~ 3 n=9.22
7135 n=22...88"
4, n>80
MQ ,Dixon
,Dixon ; ,Dixon
2",
, DR
. ,  M=En, A
° 2w><n’ men, B
e C”"  men, MQ ,C—4.
5 DR
5.1 DR Groebner
Groebner , , DR  Groebner
Groebner Maple 9.5 ,
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GroebnerBasis, Buchberger : Singular 3.0 , slimgb,
F4 . Maple 9.5 Intel P4 1.4G,256
, 4~ 6. n: ;m: ;Terms: ;DR:DR ;Gl:Maple 9.5
;G2:Singular
Table4 Comparisons between DR and Buchberger’s algorithm (1)
4 DR  Groebner D
General problem
n 3 4 5 6 7 8
DR 1.32 1.61 6.5 43.39 1186  557.75
Gl 0.29 26952  >3600 ? ? ?
G2 <0.01 0.13 971.02 ? ? ?
Table5 Comparisons between DR and Buchberger’s algorithm (2)
5 DR  Groebner 2
Sparse problem of type A
n 3 4 5 6 7 8 9 10 1 12
DR| 020 028 030 035 08 180 4.22 9.25 2151  51.05
Gl | 003 003 025 136 139 11442 >7200 ? ? ?
G2 | <0.01 <0.01 <0.01 <001 0.02 0.07 3.80  1489.23 >18000 ?
Table6 Comparisons between DR and Buchberger’s algorithm (3)
6 DR  Groebner (©)]
Sparse problem of type B
n 3 4 5 6 7 8 9 10 11
DR | 019 031 045 142 465 1586 9445 40620 1593.26
Gl | 003 003 025 136 139 11442 >7200 ? ?
G2 | <0.01 <0.01 0.01 005 075 32056 4421.42 ? ?
52 DR XL
DR XL , XL FXL( Xn). FXL
) ) Xn ) )
, 7~ 9. n: m; ;Terms: :DR:DR (FXL:FXL
Table7 Comparisons between DR and XL (1)
7 DR XL (€0}
General problem
n 3 4 5 6 7 8
DR (55 (1314 (3232 (65,72) (224,179)  (406,330)
FXL | (18,15) (80,56) (127,125) (1512,792) ? ?
Table8 Comparisons between DR and XL (2)
8 DR XL 2
Sparse problem of type A
n 3 4 5 6 7 8 9 10 11 12
DR | 220 (44 (7.7) (12,12) (20,20) (33,33)  (54,54) (88,88) (143,143) (232,232
FXL | (9,9 (16,15) (7557) (126,100) (588,392)  (960,661) (?) (?) (?) (2
Table9 Comparisons between DR and XL (3)
9 DR XL 3
Sparse problem of type B
n 3 4 5 6 7 8 9 10 11
DR (4,4) (8,8) (16,16) (32,32) (64,64) (128,128) (256,256) (512,512)  (1024,1024)
FXL | (18,15) (80,56) (350,210) (1512,792) (?) (?) (?) (?) (?)
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6 Sflash
Sflash , .
, , v3, Sflash-v2 259 bits, 15 Kbytes.
[10].
Sflash ,n=37,m=26, . GF2) . 11 0,
, 1 , , 26 . 27 , DR
|
n=26 _@xnt 183673530721522, , DR Sflash
nix(n+1)!
1836735307215223722 2104,
7
Dixon , MQ .DR ,
MQ ) MQ
,DR ‘DR MQ
DR : . Groebner XL ,
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