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Abstract: To some extent, using a plane curve to approximate an offset curve of the plane Bézier curve is
restricted. In this paper, a region approximation idea that means using a “fat curve” with a width to approximate the
offset curve is proposed, and a complete set of algorithms to approximate offset curve using disk Bézier curve are
given and implemented. In the algorithms, the optimal and uniform approximate curve of the offset curve as the
central curve of the Disk Bézier curve is found by using Remez method, and then the upper optimal and uniform
approximation principle is proposed to compute the error radius function of the Disk Bézier curve. Thus, the whole
Disk Bézier curve can be obtained. In the end of this paper, the approximate effect of the Disk Bézier curve is not
only analyzed and assessed, but also some specific examples are provided.
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1.1 Bézier [
1. a:[xo;r]:{xeR2|"x—xO"ZSr,xoeRz,rZO} X, ,r
2. a:[xo(l);r1]|ﬂ:[xo(2);rz] a+p 7:[x0(3);r3] ’xo(a) :xo(l) +x0(2), =r+0,;
a=[x";1] k ke =[x?51,], %' = ko™ v, <[k ;.
3. n+l [P1=[x,";r] (i=04,...n)
[PI®)=Y B ()[P],0<t<1,
i=0
n o
n Bézier \ B/ (t) =[_ J(l—t)"'t' Bernstein ,[P1i=01...,n)
i
2 Bézier :
[P1(t) {Z B! (t)x,";> B (t)ri} ,0<t<1.
i=0 i=0
, Bézier [P1(t) > B (t)x," (0<t<1)
i=0
n .
> B/(t)r, 2000<t<1), x,P(i=01..,n) n  Bézier , r(i=01..,n)
i=0
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> Bl (O)x"
i=0
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n
Bézier P(t)=> B (t)P, = (x(t),y(1),0<t<1 d
i=0
"(t)—x'(t
Py (t) = (x4 (1), y4 (1)) = P(t) +d-n(t), n(t) :w 0<t<l,
YXE)+ Y ()
, P(t) , n(t) P(t) ,d
2 Remez Bézier
[0,1 Py(t) , Py(t) Bézier ,
0.1 Pt X (1) Ya(t) :
, , ,Remez Bézier
.Remez 1934  Remez , 1957
.Remez , .Remez
Newton , Newton . , Remez
31
n
4. Clan [a,b] Ao (O}, € Crapy » Zai(pi (x) n
N n
5. {o. (0}l Haar n 0 Zai ?;(X) [a,b]
i=0
n .
1 {o, (0} 5 Haar »Hy =span{py (x), ¢, (X)..... 0, ()}, x [a,b] ,
@;(x) =Y 2,0, (X) t [ab] - max| F()- @ (0= min_ max| T ()~ (],
i=0 (x)eH, a<x<
n
10 (0) =2 a"0,(%) Remez k lim@ [ (x) =@, (x), x <[a,b]
i=0
Remez 1 4
1 : [01 n+2 O i=0,1..,n+1, 0<x{” < x@ <.« x9 <1( Toi2(X)=
cos((n+1)arcos(2x—1)) ), n+2 al?,..a® pO©
Zaw) XY+ (=)™ p@ = £ (x@) ,0<i<n+1.
20 0=2a% (0, p¥=max| 1(-@7 () F (<) -2 (M), |0 [
i—0 <X<!
1P P, 20 () C 11, 2
. o) n+1
2 . 1 {Xj }j:O'
0<x?<«x®  x© «x®<1, fxXM-0Ox@)  Fx) -0 (x?) , X =xO
xP=xj=12...,n+1; coxP=x0 xP =x0 | j=12,.,n+1;

0 0 0 0 0 0 1) 0 1) 0
X <x®<x{%,0<j<n, fxX)-00x?)  1(x?)-0(x\?) , X =xO  x® =x®
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i=0L..n+l,izj, , xW=x x®=x® i=0L.,n+1,i=j+1.
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i=0
P =max| £(x) -2 () H f(x?) -2 ()],
oW I< pf.
n +1
PP P, 2P =2 % () S T AT % 1 A
i=0
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i=0
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X (1) =D BMOX® Y, (t) =Y B (t)y® 0<t<1.
i=0 i=0
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Bézier , :
1 r(t),0<t<1 1 Bézier
Py(t).
1 r(t) = max(| X, ()) = x4 (O], 1Y, (0) -y, ©)]) 0<t <1,
2: F(t) = (X, () = X4 ()7 + (Y, ()~ ()? ,0<t<1.
3 P,(1), (=ya (), %, (1) : Py (t) (X4 (to), Ya (t)) o
X, (D(Xq (t) =X, () + ya (1)(Yg (L) - ya (1)) =0,
r(t) =\/(Xa(t)—xd (to))* +(Ya(t) — Ya (tr))* ,0<t<1.
) t, e[0,1], tef0,1], Py(ty) e[P,(t):r ()]
{P.®:;r®1 0<t<y {Py(t,)10<t, <1} : , Py(t)
3 , 1 2 , ; 3
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Bézier P, (t) =(X4 (1), y4 (1), 0<t<1 >0, n
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, 1 3 r(t), rit)<e,vtel0,1].
2. - Bézier P, (t) = (x4 (1), yq (1) >0,
n , n Bézier ,
P, (1) =(X,(t), V2 (1)) Remez : r(t) = Z B (), @ =maxr(t), r()
1 3 , Bézier 7 P, (t) ,
r,(t)<e,vte[0,1].
, . , Bézier
. , r(t) :
n , Bézier . p,®)=r(),te[0,1] n
Pa(t) max | p, (t) - r(t)| , n
A
) n
1l [7]' 1l
1 : [0,1] n I, r(t) n
O AC ) =ma rO-HOF min max (OOl (90 =2980 10

Remez k n , r(t). 1

) (1) _ r* (t) I<
@i)f“" W) -r,®)I<e e >0,k—>+oo.

rt)—g <rP@®<rt)+e,te[0,1] 1)
ry ()
r(t)y—A(r, 17,) < 1. (t) < r(t) + A(r, 17,) ,t €[0,1] . )
—(g +A(r, ) <tO M) —r(t) < g +A(r, I7,) 1 €[0,1] .
E, = max| @) -r) < g+ A(r, 17,) ®3)
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) =r" ) +E, (4)
max | r, (t) - r(t) [< 2B, r,(t) 2 r(t) , t [0, 1] ®)
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r()—r (t)>-A(r, 17,) ,t[0,1] .
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(6) , L r@ n rr(t) 2e, +A(r, I1,) .
& —>0,k—>+oo,A(r,Hn)zrmir[\7 r£§1<>1<|rn(t)—r(t)|, r, (t) rt) n
r.(t) ) e (t)
LO=YrPB 1 =V, te0,1].
i=0
, t, €[0,1], te[0,1], Py (to) [P, (1):r (V)]
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> Xa(t) ) Ya(t) - Bézier P, (1) = (X, (1), Yo (1)),

0, =(215,81), 0, = (26,141) , 0, = (163, 248) , Q, = (232,145) , Q, = (123,325) , O, = (211, 348) .

max 20 =% O 1 79,107 max Y@ =Ys® .1 15,107,
o<t<1 Xy (t) 0s<t<1 Y4 (t)
, 3 r(t), 1 . 5
r,(t), Remez , , 6 , rt) 5
r(t), Bézier Es

=065, =139,r® =236, =227,r® =326, =0.03,E, = max | & (t) —r(t)[=1.20.

i} 1n an a0 40 hili] G T an o0 t

Fig.1 The error radius function r(t) (dashed) and its upper optimal and
uniform approximating polynomial r,(t) (real line)

1 rC ) roC )
, r,(t) Bézier
¥ =185, =259,/ =356,r® =347, r® =4.46,r/” =1.88 .
rty 5 r(), 1

Bézier [P,(t);r, (D], Bézier P, (1), 2

Fig.2 The Disk Bézier curve of 5 degree (shadow area)

2 5 Bézier ( )
“ ” , Lengendre ] Bézier
1: 5 Lengendre . {LM®}, te[0,1] Lengendre
5 5
) [ZXKLk(Zt_l)r zykLk(Zt_l)J' 3( ) ;
k=0 k=0

(Xg, X0s Xg Xg, X4, Xg ) = (~16.7126, —3.1949, 5.9810, —0.5996,5.6125,1.0136) ,
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(Yo. Y1: Ya» Var Yar Vs )= (1.7952,11.1133, ~10.2640,13.1161,10.1664, — 5.8464).

2: 17  Lengendre .
15 15
By’ (t)n,(0) + (l—t)t(Z XL (2t=1), > v L (2t —1)J+ By () (D) -
k=0 k=0
,ny(0) =(-5.494,-19.230) , n4 (1) = (-8.944, 17.888) . 3 ) ,

(Xgs X0y Xas X34 Xgs X5y Xg s X7, Xgs Xg» X10s a1 X1z Xa3 Xea Xg5) = (—92.1750, —30.4489, —31.6801, —25.2502, 27.5695,
1.5684, —0.2166, 21.7478,—1.8100,—4.7364,3.3019,—6.1165,—-1.9999,2.7259,-2.0942, 0.6406).
(Yo: Y1, Y21 Y3 Yar Vs Yer Y7 Yer Yoo Yior Yaus Yaz» Yass Yaar ¥as) = (—1.3181,8.0942,-67.1657,68.8926,43.8610,
—6.9312,18.1920,—6.1842,-15.9288,5.4182,-4.6761,—4.6937,5.5887,-0.3138,—-0.2914,2.8971).
& o

@ /f ,e Q. / @

ol =y
3, #
@~ ¢ \\\;{i
o
Fig.3 The approximate offset curve using Lengendre approximation method: casel (left), case2 (right)
3 Lengendre ; 1C ), 2( )
3 , 1 , 2
Bézier
0, =(216,81), 0, =(26,143), 0, = (166, 248), 0, =(232,148), 0, = (127,325), 0, =(211,349) ( 4 );
0, =(215,80), 0, = (24,141), 0, = (163, 245), O, =(229,145), Q, = (123, 329), 0, =(210,348) ( 4 )
Bézier , 4 , 3 Lengendre 4
@ &
& . - o 2
@ oy
o, % fr R
& @
Fig.4 The specific application of disk Bézier curve in geometric design
4 Bézier
Bézier Bézier ,
, Lengendre , CAD
Bézier ,
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