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Abstract There are two kinds of Bezier patches whiclr are represenced by different base [unctions,
natnely the triangular Bezier patch and the rectangulur Bézier patch. In this paper. two results about
these patches are obtained by employing functional tompositions wvia shifting operators. One is the
composition of a reetangular Bézier putch with a triangular Bézier function of degree 1, the other is
the composition of a tringular Béuier patch with a rectangular Bézier function of degree ! X1, The
control points of the resultant patch in either case arc the linear convex combinations of the control
points of the original patch. With the shifting operators, the zespective procedure becomes concise
and ittuitive. The potential applications of the two results include conversions hetween two kinds of
Dézier patches. exact representation of a trimmed surface, natural extension af original patches. ete.
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Both rectangular and triangular Bezier patches are widely used in the field of computer-aided geometric de-
sign. The two kinds of patches, however. adopt different base functions and conform to differen: topological

0l

structures It is very interesting 10 exploit the intrinsic relationship between them. This research will be help-

#=5), exact trimmed surface . natu-

ful for solved the problems such as conversions between two kinds of patchest
ral extension of Bézier patch, ete. .

Functional compasitions of polynémial in terms of the Bernstein {unction form were studied by DeRose o
al. 5 In particular. Ref. (6] concerns the Beézier simplex composition and demonstrates some practical algo-
rithms. Later. compositions between Bézier simplex and simploid were alsc studied by the same group, employ-
ing blosseming method™. Since they dealt with the problem of composition under general situation, the pra-
posed algorithms are not easy eithet to be understood or to be implemented. In this paper, functional composi-
tions for two kinds of Bézier patches are studied using shifting operators as tools®™l, With the shifting operators
the respective procedure becomes concise and intuitive. The resultant algorithm is also easy 1o encode.

The rest of the paper is organized as follows. In Section 1, the notations of Béaer patch representations via

shifting operators are given. The generzlized de’Casteljau algorithm is also introduced through a 1D example.
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Then the details of functional composition are presented in Section 2. Some application examples are given in the

followed section and conclusions are drawn in the last section.
1 Preliminaries
Bernstein polynomial representation via shifting operator was first introduced by Chang®). Let R (usviw)
be a triangular Bézier patch of degree n. Tts polynomial representation is
R Govswd= 2 RuBiatu,vsme)s )

i jth=n

H

where Bly= ( ‘ u v wtand i, B2205 utvtw=1and u,v.ae=0. It is well known that its parametric do-

Ty jek!
main is a planarjtriangular region. Let E,, E,, E, be noted as shifting operators whose definitions are
ERu=Ritr;u, FRu=R 14, ERa=Ri s (2)
With the above notations, the triangular Bézier patch R{x,z,w) can be rewritten as
Ry v, w) = (wE, +vE,+wEu) " Row. 3
Similarly, a rectangular Bézier patch P(s,2) can be represented as
Pls,d=[(0— s I+sE P[0 —tT4+1E T Pos {4)
where (s,2)€ 70,11 end the shifting operators I, E,, E, are defined as _
[Pi=P;, EP;=Piis.; o EP5=P ;51. {5)

The correctness of Equations (3) and (4) can be proved easily by binomial and trinomial expansion laws.

The generalized de’Casteljau algorithm 15 designed to compute the Bézier contral points of a sub-curve
which is a portion of the original Bezier curvel'). This algorithm can be derived more intuitively through shifting
operators. Let

P) =[(1—ulf+uk. J"Ps _ (%)
be a Bézier curve, which is defined on interval [0.1]. Suppose [uo.ar ] € [0.1], s;nd
w()=0—Dwutrm  t€[0,1],
then the composition of P(x) and x{t) is
P)=Puis)
=[Q—ule) W +u()E.JPs
=[A1-t)+ AT P,

- ;: PEinl)

where A= (1 —w; )+ wE. =01 Pi=A"*APs. Tt is the generalized de’Casteljau algorithm by means of shift-

ing operators.
2 Composition of Bézier Patch with Linear Function

2.1 Composition of a rectangular Bézier patch with triangular linear function
Let AqA;A; be a triangular region defined in the parametric domain ~0,11% of a rectangular Bézier patwch P
(s+2) which is expressed in the form of Equation (4) (Fig. 1}. The region A; A, A; can be parameterized with
baryeentric coordinates: -
st 00w} =squtsyv+ 520 {7}
tu 0w ) =touttiv+ e 8
Where u+v+w=1 and u,v,w>20. It is easy to show that rectangular Bézier patch P{s .t} defined on 4, 4, 4,

can be represented as a triangular Bézier patch. whose control points are determined ns follows
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Plu,v,w)=P(u,v,w),t{u,v,w))
=[(1—su,svywy+su,v,w)E [ (1—t{u,v,w))I+t{u,v,wIE]Pw
= (Aseu+ Asiv+ Assw)™ (Atou—+ At1v+ Atyw Y'Poo

= 2 PuBi(usw)
itjth=mtn

Where Asi= (1—s:)I 45K, Aty= (1—;)I+4E, i=0,1,2 and
2( . ™ ) | 7 JASE} Asl Asls Aty Atdr Afr, Py,
P.i= IJ’JJ’kJ \!nJukl
o ( m+n]
TN

A
The “}_4 ” iz subject to i+ ji+h=m, i+ f+ke=n, i +i=i, j+j=j, k,Ak=k We then compute the con-

trol points P forwardly through generalized de’Casteljau algorithm.
t (0.1,0)

I -
A (sg4tq)

An
A "
A Gpaty) A Graty)d Ago

(0,0,1) L,0,0
Fig 1. Trangular Bezier Fig. 2. Rectangular Bézier function
function of degree 1 in [0,1]° of degree 11 in e plane

2.2 Composition of s triangular Bézier patch with bilinear functions defined on a guadrifateral region
Let Ao A Ae Ay, be 2 quadrilatera] region defined in the parametric domain of the triangular Bézier patch R
{u,v,w) as Equation (3} (See Fig. 2). Note A;= (uijevgwy)s is3=0s1. The quadrilateral region can be
parametrized by using the following bilinear function.
Al,t)=[(1—I—sE [ —DT+1FE ]Ag.
After substituting Equation (9) into (3%, we can get a rectangular Bézier patch with degree of nXn as follows:
GCat) =R CuCs12) yo<sat) yuwrls 1)) ‘
=LA—s)1-) At (1—s)Aat 51—t Adw+seAn ] Rue
=2 DB roByn()Ben (D)

p=0 q=10

where A, = (e, B, ‘v, B, +w;E), i,7=0.1; and

S0 ARG
147 yk ,.[

G
LA n

gyn—g

")
pimn—p
The “ 247 is subject to i— j+h-+i=n, k-+i=p, j+I=q.

3 Some Applications of the Proposed Algorithms

3.1 Conversions between triangular and rectangular Bézier patches
By employing the proposed algorithms , it is easy to convert a triangular Bézier patch into three non-degen-

erate rectangular Bézier patches. This is achieved by splitting the triangular domain into three rectangular ones

© R
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as shown in Fig. 3. On the other hand, we can also convert a rectangular Bézier patch into two triangular Bézier

patches. In this case, the square domain needs to be subdivided into two triangular ones as shown in Fig. 4.

Fig. 3. Converting a trianguler Bezicr paich into three triangular patches

Fig.4. Converting a rectangular Bézier patch into two triangular patches
3.2 Exact representation of a trimmed Bezier patch
With the above algorithms, we can obtain a precise representation of a trimmed Bézier surface patch. The
key is to find the planar polygonal region in the parametric domain of a Bézier patch over which the trimmed sur-
face is defined. Figure 5 shows the result of trimming a rectangular patch from a triangular patch of degree 3,
whete the triangular patch is drawn as dash lines, the trimmed patch is dra_‘wn as solid lines. Figure 6 shows the
result of trimming an r-sides patch from a rectangular Bézier parch . The trimmed patch is a combination of »

triangular Bézier patches.

[ . - -

Fig. 5. Trimming a rectangular patch from a triangular one
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Fig. 6. Trimming 7 triangular patches from a rectangular one

3.3 Extended Bézier patch

When a composite patch is defined outside of the parametric domain over which the original surface is de-
fined, the proposed algorithm can still work properly though on occasions it rﬁay be numerically unstable. The
resultant patch can be regarded as a natural extension of the original patch with C continuity. Here are three
examples. Figure 7 shows an example, which is an extension of a rectangular patch along its boundary curves
and corner points. The original patch is displayed as dash lines, the extension part is drawn in solid lines. In
Figure 8, the original patch is a rectangular patch, and the four attached patches are four triangular ones. Fig-
ure J shows another exeniple, where the original patch is a triangular patch, while the three atiached parches

are rectangular ones.

Fig.7. Extcnsion of a rectangular Bézier patch along its boundary curves and corner points

Fig.8. Extension of a rectangular Bézier patch by attaching four triangular ones
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Fig. 9. Extension of a trianguler Bézier patch by attaching three rectangular ones

4 Conclusions

In this paper, the relations between rectangular and triangular Bézier surface patches are well studied by
means of shifting operators and functional composition. The deduced results are intuitive and can be encoded
easily. Some applications are demonstrated including conversions between rectangular and triangular Bézier
patches, exact representation of trimmed patches, natural extension of Bézier surface patches with C™ continu-
ity. As a future research topic, we will exploit the applications of generalized de’Casteljau algorithm in the fields

of CAD and computer graphics.
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